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Abstract
In this paper we develop the categorical foundations needed for working out
completely the rigorous approach to the definition of conformal field theory outlined
by Graeme Segal. We discuss pseudo algebras over theories and 2-theories, their
pseudo morphisms, bilimits, bicolimits, biadjoints, stacks, and related concepts.
These 2-categorical concepts are used to describe the algebraic structure on
the class of rigged surfaces. A rigged surface is a real, compact, not necessar-
ily connected, two dimensional manifold with complex structure and analytically
parametrized boundary components. This class admits algebraic operations of dis-
joint union and gluing as well as a unit. These operations satisfy axioms such as
unitality and distributivity up to coherence isomorphisms which satisfy coherence
diagrams. These operations, coherences, and their diagrams are neatly encoded as
a pseudo algebra over the 2-theory of commutative monoids with cancellation. A
conformal field theory is a morphism of stacks of such structures.
This paper begins with a review of 2-categorical concepts, Lawvere theories,
and algebras over Lawvere theories. We prove that the 2-category of small pseudo
algebras over a theory admits weighted pseudo limits and weighted bicolimits. This
2-category is biequivalent to the 2-category of algebras over a 2-monad with pseudo
morphisms. We prove that a pseudo functor admits a left biadjoint if and only if it
admits certain biuniversal arrows. An application of this theorem implies that the
forgetful 2-functor for pseudo algebras admits a left biadjoint. We introduce stacks
for Grothendieck topologies and prove that the traditional definition of stacks in
terms of descent data is equivalent to our definition via bilimits. The paper ends
with a proof that the 2-category of pseudo algebras over a 2-theory admits weighted
pseudo limits. This result is relevant to the definition of conformal field theory
because bilimits are necessary to speak of stacks.
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CHAPTER 1
Introduction
The purpose of this paper is to work out the categorical basis for the foundations
of conformal field theory. The definition of conformal field theory was outlined in
Segal [45] and recently given in [25] and [26]. Concepts of 2-category theory,
such as versions of algebra, limit, colimit, and adjunction, are necessary for this
definition.
The structure present on the class C of rigged surfaces is captured by these
concepts of 2-category theory. Here a rigged surface is a real, compact, not neces-
sarily connected, two dimensional manifold with complex structure and analytically
parametrized boundary components. Isomorphisms of such rigged surfaces are holo-
morphic diffeomorphisms preserving the boundary parametrizations. These rigged
surfaces and isomorphisms form a groupoid and are part of the structure present
on C. Concepts of 2-categories enter when we describe the operations of disjoint
union of two rigged surfaces and gluing along boundary components of opposite
orientation. We need a mathematical structure to capture all of these features.
This has been done in [25].
One step in this direction is the notion of algebra over a theory in the sense
of Lawvere [34]. We need a weakened notion in which relations are replaced by
coherence isos. This weakened notion is called a pseudo algebra in this paper.
Coherence diagrams are required in a pseudo algebra, but it was noticed in [25]
that Lawvere’s notion of a theory allows us to write down all such diagrams easily.
See Chapter 7 below. A symmetric monoidal category as defined in [39] provides
us with a classical example of a pseudo algebra over the theory of commutative
monoids. Theories, duality, and related topics are discussed further in [1], [2], [3],
[35], and [36].
Unfortunately, pseudo algebras over a theory are not enough to capture the
structure on C. The reason is that the operation of gluing is indexed by the vari-
able set of pairs of boundary components of opposite orientation. The operation
of disjoint union also has an indexing. We need pseudo algebras over a “theory
indexed over another theory,” which we call a 2-theory. More precisely, the pseudo
algebras we need are pseudo algebras over the 2-theory of commutative monoids
with cancellation. See [25] and Chapter 13 below. The term 2-theory does not
mean a theory in 2-categories.
Nevertheless, 2-categories are relevant. This is because we want to capture
the behavior of holomorphic families of rigged surfaces in our description of the
structure of C. This amounts to saying that C is a stack of pseudo commutative
monoids with cancellation. To consider this, we must remark that pseudo algebras
over a theory and pseudo algebras over a 2-theory form 2-categories. A stack is a
contravariant pseudo functor from a Grothendieck site into a 2-category which takes
Grothendieck covers into limits of certain type, which are called bilimits. They are
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defined below, in [29], and [50], while a slightly stronger notion is called pseudo
limit in [50]. One needs to understand such notions for the rigorous foundations of
conformal field theory. More elaborate notions, such as analogous kinds of colimits
are also needed in [26].
In this article we introduce the general concepts of weighted bilimits, weighted
bicolimits, and biadjoints for pseudo functors between 2-categories in the sense
below and prove statements about their existence in certain cases. There are many
versions of such concepts and many (but not all) of the theorems we give are
in the literature, see [8], [11], [14], [19], [22], [21], [23], [31], [28], [29], [46],
[48], [49], [50], and [51]. Bicategories were first introduced in [6] and [16]. The
circumstances of conformal field theory suggest a particular choice of concepts. To
a topologist, the most natural and naive choice of terminology may be to use the
term “lax” to mean “up to coherence isos” with these coherence isos required to
satisfy appropriate coherence diagrams. “Iso” seems to be the only natural concept
in the case of pseudo algebras over a theory: there seems to be no reasonable notion
where coherences would not be iso. For this reason, the authors of [25], [26], and
[27] use the “lax=up to coherence isos” philosophy. This terminology however
turns out to be incorrect from the point of view of category theory (other ad hoc
terminology also appears in [25], [26], and [27]). In this paper, we decided to
follow established categorical terminology while giving a precise translation of the
notions in [25], [26], and [27]. In the established categorical terminology, what is
called a lax algebra in [25], [26], and [27] is called a pseudo algebra, what is called
a lax morphism (morphism which commutes with operations up to coherence isos)
in [25], [26], and [27] is called a pseudo morphism (or just morphism), and what is
called a lax functor in [25], [26], and [27] is called a pseudo functor. In addition,
the notions which the authors of [25], [26], and [27] refer to as lax limit, lax colimit,
and lax adjoint are called bilimit, bicolimit, and biadjoint in established categorical
terminology. The stronger categorical notions of pseudo limit, pseudo colimit, and
pseudo adjoint are also sometimes relevant.
The term “lax” in standard categorical terminology is reserved for notions “up
to 2-cells which are not necessarily iso”. However, such notions will not play a
central role in the present paper, as our motivation here is the same as in [25], [26],
and [27], namely conformal field theory and stacks.
We show that every pseudo functor from a 1-category to the 2-category of small
categories admits both a pseudo limit and a pseudo colimit by constructive proofs.
Furthermore, the 2-category of small categories admits weighted pseudo limits and
weighted pseudo colimits. After that we introduce the notions of a theory, an
algebra over a theory, and a pseudo algebra over a theory. We then go on to show
that any pseudo functor from a 1-category to the 2-category of pseudo T -algebras
admits a pseudo limit by an adaptation of the proof for small categories. After a
proof of the existence of cotensor products in the 2-category of pseudo T -algebras,
we conclude from a theorem of Street that this 2-category admits weighted pseudo
limits.
We continue the study of weakened structures by turning to biadjoints. First
we show that a pseudo functor admits a left biadjoint if and only if for each object
of the source category we have an appropriate biuniversal arrow in analogy to the
standard result in 1-category theory. By means of this description we show that for
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any morphism of theories φ : S → T the associated forgetful 2-functor from the 2-
category of pseudo T -algebras to the 2-category of pseudo S-algebras admits a left
biadjoint. The formalism developed for biadjoints is then adapted to treat bicolimits
of pseudo T -algebras. Moreover, the universal property of these bicolimits is slightly
weaker than the universal property of the pseudo limits. Similarly, the 2-category
of pseudo T -algebras admits bitensor products, and hence also weighted bicolimits.
Lastly, we construct pseudo limits of pseudo algebras over a 2-theory. Again, a
theorem of Street and the existence of cotensor products imply that the 2-category
of pseudo algebras over a 2-theory admits weighted pseudo limits. An example of a
pseudo algebra over a 2-theory comes from the category of rigged surfaces in [25].
Some of these results may be found in some form in the literature. There are
many different ways to weaken 1-categorical concepts. This study only sets up the
weakened notions needed for utilizing stacks to rigorously define conformal field
theory as in [25]. Results about bilimits can be found in the references mentioned
above. In particular, Gray explicitly describes quasilimits and quasicolimits of
strict 2-functors from an arbitrary small 2-category to the 2-category Cat of small
categories on pages 201 and 219 of [19], although his quasilimit is defined in terms
of quasiadjunction rather than cones. In any case, he does not have formulas for
pseudo limits of pseudo functors. Street has the most general result in this context.
In [50], he states that Cat admits indexed pseudo limits of pseudo functors and
writes down the indexed pseudo limit. His indexed pseudo limit is the same as the
weighted pseudo limit in this paper. Results about notions similar to the notion of
biadjoint can be found in [19], [20], [29], and [50]. These similarities are discussed
in the introduction to Chapter 9. Blackwell, Kelly, and Power have limit and adjoint
results similar to ours for strict 2-functors into 2-categories of strict algebras and
pseudo morphisms over a 2-monad in [9]. In fact, we prove below that pseudo
algebras over a theory are the strict algebras for a 2-monad in Chapter 7.
Any discussion of weakened algebraic structures must involve coherence ques-
tions, one of which was first treated in the classic paper [37] of Mac Lane. Many
authors, including Laplaza, Kelly, Mac Lane, and Pare´, have contributed to the
theory of coherence as evidenced by the bibliographies of [38] and [39]. Some re-
cent treatments in the context of n-categories and categorification are [4], [5], and
[15]. See also [53], [54], and [55] for an approach to coherence involving a notion
of 2-theory distinct from the notion of 2-theory in [25], [26], [27], and Chapter 13.
We follow the usual convention that 2-categories are denoted by capital script
letters A, C,D,X , pseudo functors are denoted by capital letters F,G, morphisms
are denoted by e, f, g, h, and 2-cells are denoted by Greek letters α, β, γ. The
identity 2-cell on a morphism f is denoted if . Natural transformations and pseudo
natural transformations are also denoted by lowercase Greek letters. The double
arrow ⇒ is used to denote 2-cells, natural transformations, and pseudo natural
transformations, which in some cases are all the same thing. The notation A ∈ D
means that A is an object of D.
We usually reserve the notation C for a 2-category in which we are building
various limits and colimits. For example, in Chapters 4 and 5 the letter C denotes
the 2-category of small categories, while it stands for the 2-category of small pseudo
T -algebras in Chapters 8 and 11. In Chapter 13, the notation C stands for the 2-
category of small pseudo (Θ, T )-algebras. We use the same letter to highlight the
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similarities of the various proofs. In this introduction C stands for the category of
rigged surfaces.
All sets, categories, and 2-categories appearing in this paper are assumed to be
small.
CHAPTER 2
Some Comments on Conformal Field Theory
In this chapter we make some motivational remarks about conformal field the-
ory. Most of these terms will not appear in the rest of the paper, and are therefore
only briefly discussed. More detail can be found in the articles [25] and [26], which
this paper accompanies.
Conformal field theory has recently received considerable attention from math-
ematicians and physicists. It offers one approach to string theory, which aims to
unify the four fundamental forces of nature. This is one reason why physicists are
interested in conformal field theory as in [43]. The motivation for the axioms of
conformal field theory comes from the path integral formalism of quantum field
theory. Mathematicians have become interested in conformal field theory because
it gives rise to a geometric definition of elliptic cohomology, which is related to
Borcherds’ proof [12] of the Moonshine conjectures.
The formalism necessary to rigorously define conformal field theory, and to
prove theorems about it, is called stacks of lax commutative monoids with cancel-
lation (SLCMC’s) in [25]. These are the same as stacks of pseudo algebras over
the 2-theory of commutative monoids with cancellation defined in Chapters 12 and
13. Roughly speaking, a strict commutative monoid with cancellation consists of a
commutative monoid I and a function X : I2 → Sets equipped with operations
+a,b,c,d : Xa,b ×Xc,d → Xa+c,b+d
?ˇa,b,c : Xa+c,b+c → Xa,b
0 ∈ X0,0
for all a, b, c, d ∈ I. These operations, called disjoint union, cancellation (gluing),
and unit must be commutative, associative, unital, and distributive in the appropri-
ate senses. Whenever we add the adjective “pseudo” (or “lax” in [25], [26], [27]),
it means that we replace sets by categories, functions by functors, and axioms by
coherence isos that satisfy coherence diagrams. The theory and 2-theory apparatus
gives us a concise way to list the necessary coherence isos and coherence diagrams.
A thorough treatment of theories, 2-theories, their pseudo algebras, and their rele-
vant diagrams are part of this paper. This formalism allows the authors of [25] and
[26] to rigorously define conformal field theory in the sense of Segal, in particular
all of the coherence isos and coherence diagrams are neatly encoded.
The first example of a pseudo commutative monoid with cancellation is the
category of rigged surfaces. In this example the pseudo commutative monoid I is
the category of finite sets and bijections equipped with disjoint union. The 2-functor
X : I2 → Cat from I2 to the 2-category of small categories is given by defining Xa,b
to be the category of rigged surfaces with inbound components labelled by a and
outbound components labelled by b. The operation + is disjoint union of labelled
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rigged surfaces (this is why the indices are added). The stack structure for this
example is described in Section 13.3.
There are two other examples of SLCMC’s that we need before defining confor-
mal field theory and modular functor. These are C(M) and C(M, H) from page
235 of [26]. The notation C2 denotes the pseudo commutative semi-ring of finite
dimensional complex vector spaces, CHilb2 denotes the pseudo C2-algebra of com-
plex Hilbert spaces equipped with the operation ⊗ˆ of Hilbert tensor product,M is
a pseudo module over C2, MHilb denotesM⊗CHilb2 , and H is an object ofM
Hilb.
If M has only one object, then H is a Hilbert space, otherwise H is a collection
of Hilbert spaces indexed by the objects of M. For finite sets a, b the category
C(M)a,b is M⊗a ⊗M∗⊗b where M∗ := Hompseudo(M,C2). The operation + is
given by ⊗ and gluing is given by evaluation tr : M⊗M∗ → C2. The pseudo
commutative monoid with cancellation C(M, H) is defined similarly, except that
an object of C(M, H)a,b is an object M of C(M)a,b equipped with a morphism
M → H⊗ˆa⊗ˆH∗⊗ˆb in C(M)a,b whose image consists of trace class elements. The
morphisms of C(M, H)a,b are the appropriate commutative triangles in C(M)a,b.
These two LCMC’s can be made into stacks appropriately. Finally we are ready to
give the rigorous definition of modular functor and conformal field theory.
Definition 2.1. Let C be a stack of pseudo commutative monoids with can-
cellation (SLCMC). A modular functor on C with labels M is a (pseudo) morphism
φ : C → C(M) of stacks of pseudo commutative monoids with cancellation. A
conformal field theory on C with modular functor on labels M with state space H is
a (pseudo) morphism Φ : C → C(M, H) of stacks of pseudo commutative monoids
with cancellation.
If we take C to be the SLCMC of rigged surfaces, then we recover the usual
definition of conformal field theory which assigns (up to a finite dimensional vector
space) a trace class operator to a rigged surface in such a way that gluing surfaces
corresponds to composing operators. Notice that modular functor and conformal
field theory are both morphisms of the same algebraic structure. This was first
noted by the authors of [25] and [26].
It is also possible to define one dimensional modular functors (i.e. those with
one object in M) in terms of C×-central extensions of SLCMC’s. A C×-central
extension of an SLCMC D is a strict morphism ψ : D˜ → D of SLCMC’s such that
for fixed finite sets s, t, a fixed finite dimensional complex manifold B, and fixed
α ∈ D(B)s,t, the pre-images ψ−1(α|B′ ) patch together for varying B′ → B to form
the sheaf of sections of a complex holomorphic line bundle over B. The maps on
these sections induced by disjoint union and gluing are required to be isomorphisms
of sheaves of vector spaces. If H is a Hilbert space, then there is an SLCMC H in
which + is the operation of taking the Hilbert space tensor product and then the
subset of trace class elements and ?ˇ is the trace map. Then a chiral conformal field
theory with one dimensional modular functor over D is a morphism of SLCMC’s
φ : D˜ → H which is linear on the spaces of sections ψ−1(α|B′).
The present paper deals with the 2-categorical foundations of the above project.
We begin by introducing 2-categories and proving the existence of various types of
limits in various 2-categories in Chapters 3, 4, 6, 8 , 11, and 13. We need the
existence of certain limits in the above project because a stack is a contravariant
pseudo functor that takes Grothendieck covers to bilimits. Grothendieck topologies
and stacks are discussed in Chapter 12. The fundamentals of Lawvere theories and
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algebras are treated in Chapter 6. The passage from strict algebras to pseudo alge-
bras, which is so important for the definition of conformal field theory, is discussed
in Chapter 7. The biadjoints of Chapters 9 and 10 allow a universal description of
the stack of covering spaces on page 337 of [25]. Lastly, the 2-theory of commuta-
tive monoids with cancellation is presented in Chapter 13 along with the example
of rigged surfaces.
CHAPTER 3
Weighted Pseudo Limits in a 2-Category
In this chapter we introduce the notion of a weighted pseudo limit and related
concepts. The most important examples of 2-categories to keep in mind are the
following.
Example 3.1. The 2-category of small categories is formed by taking the ob-
jects (0-cells) to be small categories, the morphisms (1-cells) to be functors, and
the 2-cells to be natural transformations. This 2-category is denoted Cat.
Example 3.2. A full sub-2-category of the previous example is the 2-category
with objects groupoids and 1-cells and 2-cells the same as above.
Example 3.3. An example of a different sort is the 2-category with objects
topological spaces, morphisms continuous maps, and 2-cells homotopy classes of
homotopies. The 2-cells must be homotopy classes of homotopies in order to make
the various compositions associative and unital.
Example 3.4. Let J be a small 1-category. Then J has the structure of a
2-category if we regard MorJ (i, j) as a discrete category for all i, j ∈ Obj J .
These examples show that there are two ways of composing the 2-cells: ver-
tically and horizontally. Natural transformations can be composed in two ways.
Homotopy classes of homotopies can also be composed in two ways. To clarify
which composition we mean, we follow Borceux’s notation. See [10] for a more
thorough discussion.
Definition 3.5. Let C be a 2-category. If A,B ∈ Obj C and f, g, h : A → B
are objects of the category Mor(A,B) with 2-cells α : f ⇒ g and β : g ⇒ h then
the composition
A
f //
α

B
A
g //
β

B
A
h // B
in the category Mor(A,B) is called the vertical composition of α and β. This
composition is denoted β⊙α. The identity on f with respect to vertical composition
is denoted if .
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Definition 3.6. Let C be a 2-category andA,B,C ∈ Obj C. Let c :Mor(A,B)×
Mor(B,C)→Mor(A,C) denote the functor of composition in the 2-category C. If
f, g : A→ B and m,n : B → C are objects of the respective categories Mor(A,B)
and Mor(B,C) and α : f ⇒ g, β : m ⇒ n are 2-cells, then the composite 2-cell
c(α, β) : c(f,m) ⇒ c(g, n) is called the horizontal composition of α and β. It is a
morphism in the category Mor(A,C) and is denoted β ∗ α.
A
f //
α

B
m //
β

C
A g
// B n
// C
To define the concept of weighted pseudo limit, we need to discuss pseudo
functors and pseudo natural transformations. A pseudo functor is like a 2-functor
except that it preserves composition and identity only up to iso coherence 2-cells
which satisfy coherence diagrams. A pseudo natural transformation is like a 2-
natural transformation except that it is natural only up to an iso coherence 2-cell
which satisfies coherence diagrams. We define these notions more carefully to fix
some notation. We reproduce Borceux’s treatment in [10]. The coherence 2-cells
for pseudo functors and pseudo natural transformations in this paper are always
assumed to be iso. Recall again that a pseudo functor in this paper is a lax functor
in [25], [26], and [27] as well as in other previous papers.
Definition 3.7. Let C,D be 2-categories. A pseudo functor F : C → D consists
of the following assignments and iso coherence 2-cells:
• For every object A ∈ Obj C an object FA ∈ Obj D
• For all objects A,B ∈ Obj C a functor F :MorC(A,B)→MorD(FA,FB)
• For all objects A,B,C ∈ Obj C a natural isomorphism γ between the
composed functors
MorC(A,B)×MorC(B,C)
c //
F×F

MorC(A,C)
F

MorD(FA,FB)×MorD(FB,FC) c
//
γ
08jjjjjjjjjjjjjjjjjjjjjjj
jjjjjjjjjjjjjjjjjjjjjjj
MorD(FA,FC)
• For every object A ∈ C a natural isomorphism δ between the following
composed functors.
1
u // MorC(A,A)
F

1
δ
5=ttttttttttttttt
tttt
tttt
tttt
u
// MorD(FA,FA)
where the functor u : 1 →MorC(A,A) from the terminal object 1 in the
category of small categories to the category MorC(A,A) takes the unique
object ∗ of 1 to the identity morphism on A.
These coherence 2-cells must satisfy the following coherence diagrams.
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• For every morphism f : A→ B in C we require
Ff ◦ 1FA
iFf∗δA∗ +3
iFf

Ff ◦ F1A
γ1A,f

1FB ◦ Ff
δB∗∗iFf +3
iFf

F (1B) ◦ Ff
γf,1B

Ff
iFf
+3 F (f ◦ 1A) Ff
iFf
+3 F (1B ◦ f)
to commute. Here δA∗ means the natural transformation δA evaluated at
the unique object ∗ of 1. This is called the unit axiom for the pseudo
functor F .
• For all morphisms f, g, h of C such that h ◦ g ◦ f exists we require that
Fh ◦ Fg ◦ Ff
iFh∗γf,g +3
γg,h∗iFf

Fh ◦ F (g ◦ f)
γg◦f,h

F (h ◦ g) ◦ Ff
γf,h◦g
+3 F (h ◦ g ◦ f)
commutes. This is called the composition axiom for the pseudo functor
F .
Each of these functors and natural transformations of course depends on the
objects, so they really need indices, e.g. cA,B,C , FA,B, γA,B,C , uA, uFA, and δA.
Often we leave the indices off for more convenient notation. Note that the first
diagram in the definition says that the pseudo functor preserves composition of
morphisms up to coherence 2-cell because for morphisms A
f //B
g //C in C we
have γf,g : F (g)◦F (f)⇒ F (g ◦f) and γ is natural in f and g. The second diagram
in the definition says that the pseudo functor preserves identity up to coherence
2-cell because δA∗ : 1FA ⇒ F (1A) for all A ∈ Obj C.
Definition 3.8. Let C
F //D
G //E be pseudo functors. Then the composi-
tion G ◦F of pseudo functors is the composition of the underlying maps of objects
and the composition of the underlying functors on the morphism categories. The
coherence 2-cells are as follows.
• For morphisms A
f //B
g //C in C the 2-cell γGFf,g is the composition
GF (g) ◦GF (f)
γGFf,Fg +3G(Fg ◦ Ff)
G(γFf,g) +3GF (g ◦ f) .
• For each object A ∈ Obj C the 2-cell δGFA∗ is the composition
1GFA
δGFA∗ +3G(1FA)
G(δFA∗) +3GF (1A) .
Then the assignment (f, g) 7→ γGFf,g is natural and γ
GF and δGFA satisfy the
coherences to make GF a pseudo functor.
Definition 3.9. A pseudo natural transformation α : F ⇒ G from the pseudo
functor F : C → D to the pseudo functor G : C → D consists of the following
assignments:
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• For each A ∈ Obj C a morphism αA : FA→ GA in the category D
• For all objects A,B ∈ Obj C a natural isomorphism τ between the follow-
ing functors.
MorC(A,B)
F //
G

MorD(FA,FB)
αB◦

MorD(GA,GB) ◦αA
//
τ
2:nnnnnnnnnnnnnnnnn
nnnnnnnnnnnnnnnnn
MorD(FA,GB)
The natural transformations τ must satisfy the following coherence diagrams in-
volving δ and γ.
• For every A ∈ Obj C we require
αA
iαA +3
iαA

1GA ◦ αA
δGA∗∗iαA +3 G(1A) ◦ αA
τ1A

αA ◦ 1FA
iαA∗δ
F
A∗
+3 αA ◦ F (1A)
to commute. This is called the unit axiom for the pseudo natural trans-
formation α.
• For all morphisms A
f //B
g //C in C we require
Gg ◦Gf ◦ αA
iGg∗τf +3
γGf,g∗iαA

Gg ◦ αB ◦ Ff
τg∗iFf +3 αC ◦ Fg ◦ Ff
iαC ∗γ
F
f,g

G(g ◦ f) ◦ αA τg◦f
+3 αC ◦ F (g ◦ f)
to commute. This is called the composition axiom for the pseudo natural
transformation α.
Here τ should of course also be indexed by the objects A,B etc., but we leave
off these indices for convenience. The coherence required on γ and τ is the com-
mutivity of the 2-cells (from τ and γ) written on the faces of the prism with edges
Ff, Fg, F (g ◦ f), Gf, Gg, and G(g ◦ f) where f and g are composable morphisms
in the 2-category C. There are several ways to compose these 2-cells, but they are
related by the interchange law. Here we must sometimes horizontally precompose
or postcompose a 2-cell with identity 2-cells in order to horizontally compose. Note
the diagram for τ drawn in the definition says that the assignment of A 7→ αA is
natural up to coherence 2-cell because for f ∈MorC(A,B) we have the diagram
FA
αA //
Ff

GA
Gf

τf
x  zz
zz
zz
zz
zz
z
FB αB
// GB
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in D. The assignment f 7→ τf is natural in f , i.e. τA,B is a natural transformation.
Some authors prefer to denote the coherence 2-cells of α by αf instead of τf .
However we follow Borceux’s notation in [10] and use the distinguished notation τ
in order to navigate complicated diagrams with less effort.
Pseudo natural transformations can also be horizontally and vertically com-
posed. For example, if F
α +3G
β +3H are pseudo natural transformations, the
vertical composition β ⊙ α has coherence 2-cells τβ⊙αf = (iβB ∗ τ
α
f )⊙ (τ
β
f ∗ iαA) for
f : A→ B as in the following diagram.
FA
αA //
Ff

GA
ταf
y {{
{{
{{
{{
{{
{{
{{
{
βA //
Gf

HA
Hf

τ
β
f
y {{
{{
{{
{{
{{
{{
{{
{
FB αB
// GB
βB
// HB
Natural transformations can be seen as morphisms between functors. In the context
of 2-categories there is a similar notion of a modification between pseudo natural
transformations.
Definition 3.10. Let F,G : C → D be pseudo functors and α, β : F ⇒ G
pseudo natural transformations. A modification Ξ : α  β is a function which
assigns to every A ∈ Obj C a 2-cell ΞA : αA ⇒ βA in D in such a way that τ
β
A,B(g)⊙
(Gγ∗ΞA) = (ΞB∗Fγ)⊙ταA,B(f) for all A,B ∈ Obj C and all morphisms f, g : A→ B
and all 2-cells γ : f ⇒ g. Here τα and τβ denote the natural transformations
belonging to the pseudo natural transformations α and β respectively, while γ is
an arbitrary 2-cell in C. This means that the following two compositions of 2-cells
are the same.
(3.1) FA
αA //
ΞA

GA
Gf //
Gγ

GB
FA
βA
// GA
Gg
//
τ
β
A,B
(g)

GB
FA
Fg
// FB
βB
// GB
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(3.2) FA
αA // GA
Gf //
ταA,B(f)

GB
FA
Ff //
Fγ

FB
αB //
ΞB

GB
FA
Fg
// FB
βB
// GB
These two diagrams can be combined to make a cube whose faces have 2-cells
inscribed in them. In this definition γ is not to be confused with the required
coherence 2-cell in the definition of pseudo functor.
Definition 3.11. If F : D → C is a pseudo functor, then a pseudo limit of F
consists of an object W ∈ Obj C and a pseudo natural transformation π : ∆W ⇒
F from the constant 2-functor W to the pseudo functor F which is universal in
the following sense: the functor (π◦) : MorC(C,W ) → PseudoCone(C,F ) is an
isomorphism of categories for every object C ∈ Obj C.
PseudoCone(C,F ) denotes here the category with objects taken to be the
pseudo natural transformations ∆C ⇒ F and with morphisms taken to be the
modifications. Pseudo colimits can be defined in terms of PseudoCone(F,C) and
(◦π) :MorC(W,C)→ PseudoCone(F,C) similarly.
Theorem 3.12. Any two pseudo limits of a pseudo functor are isomorphic.
Definition 3.13. If F : D → C is a pseudo functor, then a bilimit of F consists
of an objectW ∈ Obj C and a pseudo natural transformation π : ∆W ⇒ F from the
constant 2-functor W to the pseudo functor F which is universal in the following
sense: the functor (π◦) : MorC(C,W ) → PseudoCone(C,F ) is an equivalence of
categories for every object C ∈ Obj C.
Some authors would call this bilimit a conical bilimit, see [29] and [50] for
example. They discuss the more general notion of weighted bilimit or indexed bilimit,
which is defined below. Limits defined in terms of cones, such as this bilimit, have
constant weight or constant index. For our applications to conformal field theory,
it is sufficient to consider only conical bilimits although we prove results for more
general weighted bilimits in this paper. The existence of conical bilimits is sufficient
to speak of stacks. The term lax limit in [25], [26], and [27] is synonymous with
the term bilimit defined above.
Every pseudo limit for a fixed pseudo functor is obviously a bilimit of that
pseudo functor. One can ask whether or not bilimits and pseudo limits are the
same. The following trivial example shows that bilimits and pseudo limits are not
the same.
Example 3.14. Let 1 denote the terminal object in the category of small
categories, in other words 1 is the category with one object ∗ and one morphism,
namely the identity morphism. This category can be viewed as a 2-category with
no nontrivial 2-cells. Suppose C is a 2-category with at least two objects W,W ′
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such that we have a morphism π′ :W ′ →W which is a pseudo isomorphism. This
means that there exists a morphism θ : W → W ′ and iso 2-cells θ ◦ π′ ⇒ 1W ′ and
π′◦θ ⇒ 1W . Suppose further that π′ is not monic. This means there exists an object
C ∈ Obj C and distinct morphisms f1, f2 : C →W ′ such that π′ ◦ f1 = π′ ◦ f2. Let
F : 1 → C be the constant functor ∆W , i.e. F (∗) =W and the identity gets mapped
to 1W . Then PseudoCone(C,F ) is isomorphic to MorC(C,W ). We identify these
two categories. ObviouslyW and the pseudo natural transformation π = 1W (under
the identification) form a pseudo limit, while W ′ and π′ form a bilimit. However,
W ′ and π′ do not form a pseudo limit because (π′◦) :MorC(C,W ′)→MorC(C,W )
is not an isomorphism of categories, since π′ ◦ f1 = π′ ◦ f2 although f1 6= f2.
Example 3.15. There are also examples where a bicolimit exists but not a
pseudo colimit. This example goes back to [9]. Let Lex denote the 2-category of
small finitely complete categories, left exact functors, and natural transformations.
A functor is called left exact if it preserves all finite limits. An initial object is
a colimit of the empty 2-functor. A pseudo colimit and a 2-colimit of the empty
2-functor are the same thing. The 2-category Lex does not admit an initial object
because there are always two distinct functors A→ I where I is the category with
only two isomorphic objects and no nontrivial morphisms besides the isomorphism
and its inverse. The two constant functors provide us with two distinct functors
A → I for each A ∈ Obj Lex. The empty functor does however admit a bicolimit
because Lex is the 2-category of strict algebras, pseudo algebra morphisms, and
2-cells for some finitary 2-monad on Cat. Blackwell, Kelly, and Power prove in [9]
that such algebra categories admit bicolimits.
Many pseudo algebra categories do not admit pseudo colimits because the mor-
phisms are not strict. Another example can be obtained by adapting Example 10.14
on page 126 to colimits.
After Example 3.14, one might wonder whether or not the equivalences of
categories in the definition of bilimit can be chosen in some natural way. They can
in fact be chosen pseudo naturally as follows. We write it explicitly only for the
bicolimit, although a completely analogous statement holds for the bilimit.
Remark 3.16. Let C,D be 2-categories. Let F : D → C be a pseudo functor.
Suppose W ∈ Obj C is a bicolimit with universal pseudo cone π : F ⇒ ∆W . Let
φC denote the equivalence of categories (◦π) :MorC(W,C)→ PseudoCone(F , C).
Let G(C) := MorC(W,C) and F (C) := PseudoCone(F , C). Then G and F are
strict 2-functors and C 7→ φC is a 2-natural transformation G⇒ F .
Proof: This follows from the definitions.
Remark 3.17. Let the notation be the same as in the previous remark. For
C ∈ Obj C let ψC : FC → GC be a right adjoint to φC such that the unit ηC :
1GC ⇒ ψC ◦ φC and counit εC : φC ◦ ψC ⇒ 1FC are natural isomorphisms. Then
C 7→ ψC is a pseudo natural transformation from F to G and there exist iso
modifications η : iG  ψ ⊙ φ and ε : φ ⊙ ψ  iF which satisfy the triangle
identities, namely C 7→ ηC and C 7→ εC . In the terminology of [50], this means that
F and G are equivalent in the 2-category Hom[C, Cat] of pseudo functors, pseudo
natural transformations, and modifications. The equivalences in Hom[C, Cat] are
precisely the pseudo natural transformations whose components are equivalences of
categories.
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Proof: Since φC is an equivalence of categories, there exists such a functor
ψC with unit and counit as above. For f : A → B in C define the coherence iso
τ
ψ
f : Gf ◦ ψA ⇒ ψB ◦ Ff to be the composition of 2-cells in the following diagram.
FA
1FA

ψA // GA
1GA

εA
y {{
{{
{{
{{
{{
{{
{{
{
FA
Ff
 C
CC
CC
CC
CC
CC
CC
CC
GA
φA
oo
Gf

FB
1FB

GB
φBoo
ηB
y {{
{{
{{
{{
{{
{{
{{
{
1GB

FB
ψB
// GB
The middle square commutes because φ is a 2-natural transformation. We can see
that the assignment f 7→ τψf is natural after segmenting the naturality diagram
into three inner squares and using the fact that φ is a 2-natural transformation as
follows. Let f, g : A→ B and µ : f → g in C.
1GB ◦Gf ◦ ψA
ηB∗iGf ∗iψA
+3
i1GB
∗Gµ∗iψA

ψB ◦ φB ◦Gf ◦ ψA
iψB◦φB
∗Gµ∗iψA

ψB ◦ Ff ◦ φA ◦ ψA
iψB
∗iFf∗εA
+3
iψB
∗Fµ∗iφA◦ψA

ψB ◦ Ff ◦ 1FA
iψB
∗Fµ∗i1FA

1GB ◦Gg ◦ ψA
ηB∗iGg∗iψA
+3 ψB ◦ φB ◦Gg ◦ ψA ψB ◦ Fg ◦ φA ◦ ψA
iψB
∗iFg∗εA
+3 ψB ◦ Fg ◦ 1FA
The left square and the right square commute because of the interchange law and
the defining property of identity 2-cells. The middle square commutes because φ is
a 2-natural transformation. Hence the outermost rectangle commutes and f 7→ τψf
is natural.
Since F and G are strict 2-functors, verifying the unit axiom for ψ reduces to
proving that τψ1C is iψC for all C ∈ Obj C. That follows from the definition of τ1C
and one of the triangle identities.
Since F and G are strict 2-functors, verifying the composition axiom for ψ
amounts to proving for A
f // B
g // C in C that the composition (τψg ∗ iFf)⊙
(iGg ∗ τ
ψ
f ) in (3.3) is the same as τ
ψ
g◦f in (3.4). That follows since the middle par-
allelogram in (3.4) is iφB by the triangle identity. Hence ψ with τ
ψ satisfies the
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composition axiom and we conclude that C 7→ ψC is a pseudo natural transforma-
tion F ⇒ G.
(3.3) FA
1FA

ψA //
εA⇐
GA
φA
}}{{
{{
{{
{{
{{
{{
{{
{
Gf

FA
ηB⇐
Ff

GB
1GB

φB
}}{{
{{
{{
{{
{{
{{
{{
{
FB
ψB
//
1FB

εB⇐
GB
Gg

φB
}}{{
{{
{{
{{
{{
{{
{{
{
FB
Fg

ηC⇐
GC
1GC

φC
}}{{
{{
{{
{{
{{
{{
{{
{
FC
ψC
// GC
(3.4) FA
1FA

ψA // GA
1GA

εA
y {{
{{
{{
{{
{{
{{
{{
{
FA
F (g◦f)

GA
φAoo
G(g◦f)

FC
1FC

GC
φB
oo
1GC

CCCCCCCCCCCCCCC
ηC
y {{
{{
{{
{{
{{
{{
{{
{
FC
ψC
// GC
Next we prove that A 7→ ηA is a modification iG  ψ ⊙ φ. This requires a proof
that (3.1) is the same as (3.2). Let f, g : A→ B be morphisms in C and γ : f ⇒ g
a 2-cell in C. Since φ is a 2-natural transformation, we see that (3.2) is ηB ∗ Gγ.
We proceed by showing that (3.1) is ηB ∗ Gγ. Note that τ
β
A,B(g) = τ
ψ◦φ
g in (3.1)
is (iψB ∗ iφB◦Gg) ⊙ (τ
ψ
g ∗ iφA) by the remarks on page 13 about coherence isos for
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a vertical composition of pseudo natural transformations. Writing out (3.1) with
α = iG, β = ψ ⊙ φ, Ξ = η, and including many trivial arrows gives (3.5).
(3.5)
GA
1GA //
ηA

GA
Gf //
Gγ

GB
1GB //
i1GB

GB
GA
φA //
iφA

FA
ψA //
iψA

GA
Gg //
iGg

GB
1GB
//
ηB

GB
GA
φA
//
iφA

FA
ψA
//
iψA

GA
Gg
// GB
iFg◦φA

φB // FB
ψB //
iψB

GB
GA
φA
//
iφA

FA
ψA
// GA
φA
//
εA

FA
iFg

Fg // FB
ψB
//
iψB

GB
GA
φA
// FA
1FA
//
iφB◦Gg

FA
Fg
// FB
ψB
//
iψB

GB
GA
Gg
// GB
φB
// FB
ψB
// GB
Using a triangle identity and contracting all the trivial identities, we see that the
only thing that does not cancel is ηB ∗ Gγ. Hence (3.1) is the same as (3.2) and
A 7→ ηA is a modification.
One can similarly show that A 7→ εA is a modification. The modifications η
and ε satisfy the triangle identities because their constituent arrows do.
Definition 3.18. A 2-category C admits bilimits if every pseudo functor F :
J → C from a small 1-category J to C admits a bilimit in C.
There are analogous definitions for pseudo limits, bicolimits, and pseudo col-
imits. If we view the category J as an indexing category, then we can speak of
bilimits of diagrams, i.e. we can view a diagram in C as the image of a pseudo
functor from a source diagram J to the 2-category C.
The concept of pseudo limit can be further generalized to weighted pseudo
limit. For any small 2-category C we denote the small category MorC(A,B) by
C(A,B) for A,B ∈ Obj C.
Definition 3.19. Let C,D be 2-categories. Let J : D → Cat and F : D → C
be pseudo functors. Let Hom[D, Cat] denote the 2-category with pseudo functors
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D → Cat as objects, pseudo natural transformations as morphisms, and modifica-
tions as 2-cells. Then {J, F}p ∈ Obj C is called a J-weighted pseudo limit of F if
the strict 2-functors Cop → Cat
C 7→ C(C, {J, F}p)
C 7→ Hom[D, Cat](J, C(C,F−))
are 2-isomorphic. The image ξ : J ⇒ C({J, F}p, F−) of 1{J,F}p under this 2-
representation is called the unit.
Street refers to this as the J-indexed pseudo limit of F in [50], although now
the term weighted is used instead of indexed. This is similar to Kelly’s defini-
tion in [29], except that his definition is for strict 2-functors J, F and he uses the
full sub-2-category Psd[D, Cat] of Hom[D, Cat] in place of Hom[D, Cat]. The 2-
category Psd[D, Cat] consists of strict 2-functors, pseudo natural transformations,
and modifications.
We recover the usual definition of pseudo limit whenever J is the constant
functor which takes everything to the trivial category with one object. A weighted
pseudo limit is said to be conical whenever J is this constant functor. Another
special type of weighted limit called cotensor product occurs when D is the trivial
2-category with one object and J and F are strict 2-functors. In this case J and F
can be identified with objects of Cat and C respectively. Tensor products can be
defined similarly.
Definition 3.20. Let J ∈ Obj Cat and F ∈ Obj C. Then {J, F} ∈ Obj C is
called a cotensor product of J and F if the strict 2-functors Cop → Cat
C 7→ C(C, {J, F})
C 7→ Cat(J, C(C,F ))
are 2-naturally isomorphic.
Remark 3.21. (Kelly) We can rephrase the definition of cotensor product
entirely in terms of the unit π : J → C({J, F}, F ). The object {J, F} of C is a
cotensor product of J and F with unit π : J → C({J, F}, F ) if and only if the
functor C(C, {J, F})→ Cat(J, C(C,F )) defined by composition with π
b 7→ C(b, F ) ◦ π
α 7→ C(α, F ) ∗ iπ
for arrows b : C → {J, F} and 2-cells α : b→ b′ in C is an isomorphism of categories
for all C ∈ Obj C. More specifically:
(1) For every functor σ : J → C(C,F ) there is a unique arrow b : C → {J, F}
in C such that C(b, F ) ◦ π = σ.
(2) For every natural transformation Ξ : σ ⇒ σ′ there is a unique 2-cell
α : b⇒ b′ in C such that C(α, F ) ∗ iπ = Ξ.
A useful reformulation of an observation by Street on page 120 of [50] illustrates
the importance of cotensor products in the context of weighted pseudo limits.
Theorem 3.22. (Street) A 2-category C admits weighted pseudo limits if and
only if it admits 2-products, cotensor products, and pseudo equalizers.
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Remark 3.23. (Street) Pseudo equalizers can be constructed from cotensor
products and 2-pullbacks, while 2-pullbacks can be constructed from 2-products
and 2-equalizers. Thus it is sufficient to require 2-equalizers instead of pseudo
equalizers in the previous theorem.
Definition 3.24. Let C,D be 2-categories. Let J : D → Cat and F : D → C
be pseudo functors. As above, let Hom[D, Cat] denote the 2-category with pseudo
functors D → Cat as objects, pseudo natural transformations as morphisms, and
modifications as 2-cells. Then {J, F}b ∈ Obj C is called a J-weighted bilimit of F
if the strict 2-functors Cop → Cat
C 7→ C(C, {J, F}b)
C 7→ Hom[D, Cat](J, C(C,F−))
are equivalent in the 2-categoryHom[Cop, Cat], i.e. there is a pseudo natural trans-
formation going from one to the other whose arrow components are equivalences of
categories. The image ξ : J ⇒ C({J, F}b, F−) of 1{J,F}b under this birepresentation
is called the unit.
Kelly refers to this in [29] as the J-indexed bilimit of F . The concepts weighted
bicolimit and bitensor product can be defined similarly. Later we will need bitensor
products, so we formulate this precisely and describe it entirely in terms of the unit
like Kelly in [29].
Definition 3.25. Let J ∈ Obj Cat and F ∈ Obj C. Then J ∗ F ∈ Obj C is
called a bitensor product of J and F if the strict 2-functors Cop → Cat
C 7→ C(J ∗ F,C)
C 7→ Cat(J, C(F,C))
are equivalent in the 2-category Hom[Cop, Cat].
Remark 3.26. We can rephrase the definition of bitensor product entirely
in terms of the unit π : J → C(F, J ∗ F ). The object J ∗ F of C is a bitensor
product of J and F with unit π : J → C(F, J ∗ F ) if and only if the functor
C(J ∗ F,C)→ Cat(J, C(F,C)) defined by
b 7→ C(F, b) ◦ π
α 7→ C(F, α) ∗ iπ
for arrows b : J ∗ F → C and 2-cells α : b→ b′ in C is an equivalence of categories
for all C ∈ Obj C.
Street points out the dual version of the following theorem on page 120 of [50].
Theorem 3.27. A 2-category C admits weighted bicolimits if and only if it
admits bicoproducts, bitensor products, and bicoequalizers.
Cotensor products, bitensor products, and the theorems above will be used
later to show that the 2-categories of interest to us admit weighted pseudo limits
as well as weighted bicolimits.
CHAPTER 4
Weighted Pseudo Colimits in the 2-Category of
Small Categories
In this chapter we show constructively that the 2-category C of small categories
admits pseudo colimits. The dual version of Theorem 3.22 will imply that this 2-
category also admits weighted pseudo colimits. One of the concepts in the proof is
the free category generated by a directed graph.
Definition 4.1. A directed graph G consists of a set O of objects and a set A
of arrows and two functions S, T : A→ O called source and target.
A directed graph is like a category except composition and identity arrows are
not necessarily defined. Any directed graph G whose sets of arrows and objects are
both small generates a free category on G, which is also called the path category
of G. Similarly G generates a free groupoid. We can force commutivity of certain
diagrams by putting a congruence on the morphism sets of the free category or free
groupoid and then passing to the quotient category. We use this construction in
the proof below. The S, T in the definition of directed graph will also be used to
denote the source and target of a morphism in a category.
Theorem 4.2. The 2-category C of small categories admits pseudo colimits.
Proof: Let J be a small 1-category and F : J → C a pseudo functor. Here we
view J as a 2-category which has no nontrivial 2-cells. The categoryJ plays the role
of an indexing category. For any X ∈ Obj C let ∆X denote the constant 2-functor
which takes every object of J to X , every morphism to 1X , and every 2-cell to the
identity 2-cell iX : 1X ⇒ 1X . Then a pseudo cone from F to X is a pseudo natural
transformation F ⇒ ∆X . Recall PseudoCone(F,X) denotes the category with
objects the pseudo cones from F to X with morphisms the modifications between
them. The pseudo colimit of F is an objectW ∈ C with a pseudo cone π : F ⇒ ∆W
which are universal in the sense that (◦π) : MorC(W,V ) → PseudoCone(F, V ) is
an isomorphism of categories for all small categories V .
First we define candidates W ∈ Obj C and π : F ⇒ ∆W . Then we show that
they are universal. For each j ∈ Obj J let Aj denote the small category Fj and let
af denote the functor Ff between small categories. Since F is a pseudo functor,
for every pair f, g of morphisms of J such that g ◦ f exists we have a natural
transformation (a 2-cell in the 2-category of small categories) γf,g : Fg ◦ Ff ⇒
F (g ◦ f). We define a directed graph with objects O and arrows A as follows. Let
O =
∐
j∈J Obj Aj . There is a well defined function p : O → Obj J satisfying
p(Obj Aj) = {j} because this union is disjoint, i.e. even if the small categories Ai
and Aj are the same, we distinguish them in the disjoint union by their indices.
Let the collection of arrows be A = (
∐
j∈J Mor Aj)
∐
{h(x,f), h
−1
(x,f) : (x, f) ∈
O ×Mor J such that p(x) = Sf} where the elements of
∐
j∈J Mor Aj have the
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obvious source and target while Sh(x,f) = x and Th(x,f) = af (x). Let W
′ be
the free category generated by this graph. We put the smallest congruence ∼ on
Mor W ′ such that:
• All of the relations in eachAi are contained in ∼, i.e. form,n ∈Mor Ai ⊆
Mor W ′ with Sn = Tm we have n◦W ′m ∼ n◦Aim where the composition
on the left is the composition in the free categoryW ′ and the composition
on the right is the composition in the small category Ai.
• For all f, g ∈ Mor J with Sg = Tf and all x ∈ Obj ASf we have
γf,g(x) ◦W ′ h(af (x),g) ◦W ′ h(x,f) ∼ h(x,g◦f) and also every identity 1x ∈ Ai
is congruent to the identity in the free category on the object x.
• For all i, j ∈ Obj J and all f ∈MorJ (i, j) and all morphisms m : x→ y
of Ai we have h(y,f) ◦W ′ m ∼ af (m) ◦W ′ h(x,f).
• For all j ∈ Obj J and all x ∈ Obj Aj we have (δFj∗)x ∼ h(x,1j) where ∗
denotes the unique object of the terminal object 1 in the category of small
categories and δFj∗ is the natural transformation δ
F
j evaluated at ∗.
• For all h(x,f) from above we have h
−1
(x,f) ◦W ′ h(x,f) ∼ 1x and h(x,f) ◦W ′
h−1(x,f) ∼ 1afx.
Define W to be the quotient category of the free category W ′ by the congruence
∼. This is the candidate for the pseudo colimit.
Now we define a pseudo natural transformation π : F ⇒ ∆W and its coherence
2-cells τ , i.e. we define an element of PseudoCone(F,W ). For each object j ∈
Obj J we need a morphism in C (i.e. a functor) πj : Fj = Aj → W = ∆W (j).
Define πj : Aj → W to be the inclusion functors Aj →֒ W . In order for π to be
a pseudo natural transformation, this assignment must be natural up to coherence
2-cell, i.e. for all i, j ∈ Obj J we should have a natural isomorphism τi,j of the
following sort.
MorJ (i, j)
F //
∆W

MorC(Ai, Aj)
πj◦

MorC(W,W ) ◦πi
//
τi,j
3;pppppppppppppppp
pppppppppppppppp
MorC(Ai,W )
Evaluating this diagram at a morphism f : i → j of J we should have a natural
isomorphism between functors τi,j(f) : πi ⇒ πj ◦ af . In other words, τi,j(f) should
be a 2-cell in the 2-category C of small categories. For each x ∈ Obj Ai define
τi,j(f)x : πi(x) = x→ af(x) = πj ◦ af (x) to be the isomorphism h(x,f).
Lemma 4.3. The map π : F ⇒ ∆W is a pseudo natural transformation with
coherence 2-cells given by the natural isomorphisms τ .
Proof: First we show for fixed f : i → j that the assignment Obj Ai ∋ x 7→
τi,j(f)x ∈ MorW (πi(x), πj ◦ af (x)) is a natural transformation. To this end, let
m : x→ y be a morphism in the small category Ai. By definition, τi,j(f)x = h(x,f),
τi,j(f)y = h(y,f), πi(m) = m, πi(x) = x, πj ◦ af(x) = af (x), and πj ◦ af (m) =
af (m). Some similar statements hold for the object y. The third requirement on
the congruence in W ′ gives us the following commutative diagram in the small
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category W .
x
h(x,f) //
m

af (x)
af (m)

y
h(y,f)
// af (y)
Using the identities just mentioned, the commutivity of this diagram says precisely
that x 7→ τi,j(f)x is a natural transformation. Thus τi,j(f) : πi ⇒ πj ◦ af is a
natural transformation between functors, i.e. a 2-cell in the 2-category C of small
categories.
The assignment f 7→ τi,j(f) for fixed i, j is natural because the category
MorJ (i, j) has no nontrivial morphisms. Thus τi,j is a natural transformation
between the indicated functors.
Next we verify the composition axiom for pseudo natural transformations which
involves τ and γ. The diagram states that τ must satisfy for all i
f //j
g //k
in J the coherence axiom (iπk ∗ γf,g) ⊙ (τj,k(g) ∗ iaf ) ⊙ (i1W ∗ τi,j(f)) = τi,k(g ◦
f) ⊙ (i1W ∗ iπi) as natural transformations. This coherence is satisfied because
of the second requirement on the relation in W ′ for each x ∈ Obj Ai which states
γf,g(x)◦τj,k(g)af (x)◦τi,j(f)x = τi,k(g◦f)x. Note that (iπk ∗γf,g)(x) = πk(γf,g(x)) =
γf,g(x).
Lastly we verify the unit axiom for pseudo natural transformations which in-
volves τ and δ. This coherence requires the commutivity of the following diagram
for all j ∈ Obj J .
πj
iπj +3
iπj

1W ◦ πj
δ
∆W
j∗ ∗iπj +3 ∆W (1j) ◦ πj
τ1j=τj,j(1j)

πj ◦ 1Fj
iπj ∗δ
F
j∗
+3 πj ◦ F (1j)
Here δ∆Wj and δ
F
j are the natural transformations associated to the pseudo functors
∆W and F which make them preserve the identity morphisms 1j up to coherence
2-cell. In fact, δ∆Wj∗ is trivial. The coherences δ
∆W
j and δ
F
j fill in the following
diagrams for all objects j of J .
1
uj // MorJ (j, j)
∆W

1 uW
//
δ
∆W
j
6>vvvvvvvvvvvvvv
vv
v
v
vv
v
MorC(W,W )
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1
uj // MorJ (j, j)
F

1 uFj
//
δFj
6>uuuuuuuuuuuuuu
uu
uuu
uuuu
MorC(Fj, Fj)
Using the fact that δ∆Wj evaluated on the unique object ∗ of 1 gives the identity
2-cell iW : 1W ⇒ 1W , the desired coherence diagram simplifies to the following.
∆W (1j) ◦ πj
τj,j(1j)
"*M
MM
MM
MM
MM
MM
MM
M
MM
MM
MM
MM
MM
MM
MM
iπj

πj ◦ 1Fj
iπj ∗δ
F
j∗
+3 πj ◦ F (1j)
Recall that (δFj∗)x = h(x,1j) in W by the fourth requirement on the congruence
inW ′. By definition we also have h(x,1j) = τj,j(1j)x. This implies (δ
F
j∗)x = h(x,1j) =
τj,j(1j)x and the simplified diagram commutes because πj is the inclusion functor.
Hence the required coherence diagram involving τ and δ is actually satisfied.
Thus π : F ⇒ ∆W is a pseudo natural transformation with the indicated
coherence 2-cells.
Now we must show that the small categoryW and the pseudo natural transfor-
mation π : F ⇒ ∆W are universal in the sense that the functor φ :MorC(W,V )→
PseudoCone(F, V ) defined by φ(b) = b ◦ π for objects b is an isomorphism of cate-
gories for all objects V of C. More precisely, φ is defined for b ∈ Obj MorC(W,V )
and j ∈ Obj J as φ(b)(j) = b ◦ πj . The coherence 2-cells for the pseudo cone φ(b)
are ib ∗ τi,j(f) for all f : i→ j in J . For morphisms γ : b⇒ b′ in Mor MorC(W,V )
we define φ(γ) : b ◦ π  b′ ◦ π to be the modification which takes j ∈ Obj J to
φ(γ)(j) = γ ∗ iπj . In the following, V is a fixed object of the 2-category C of small
categories.
Lemma 4.4. The map φ :MorC(W,V )→ PseudoCone(F, V ) is a functor.
Proof: Let b ∈ Obj MorC(W,V ) be a functor and ib : b ⇒ b its identity
natural transformation. Then obviously φ(ib)(j) = ib ∗ iπj : b ◦ πj ⇒ b ◦ πj is the
identity natural transformation ib◦πj for all j ∈ Obj J and thus φ(ib) is the identity
modification. Hence φ preserves identities.
To verify that φ preserves compositions, let γ : b ⇒ b′ and γ′ : b′ ⇒ b′′ be
natural transformations. Then for each j ∈ Obj J we have φ(γ′⊙γ)(j) = (γ′⊙γ)∗
iπj = (γ
′ ⊙ γ) ∗ (iπj ⊙ iπj ). By the interchange law we have (γ
′ ⊙ γ) ∗ (iπj ⊙ iπj) =
(γ′ ∗ iπj ) ⊙ (γ ∗ iπj) = (φ(γ
′)(j)) ⊙ (φ(γ)(j)) = (φ(γ′) ⋄ φ(γ))j where the last
equality follows from the definition of vertical composition of modifications. Thus
φ(γ′ ⊙ γ) = φ(γ′) ⋄ φ(γ) and φ preserves compositions. Thus φ is a functor.
The purpose of the next few lemmas is to exhibit an inverse functor ψ for φ.
Lemma 4.5. There is a functor ψ : PseudoCone(F, V )→MorC(W,V ).
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Proof: First we define ψ for objects. Then we define ψ for morphisms. Finally
we verify that ψ is a functor.
Let π′ be an object of PseudoCone(F, V ), i.e. π′ : F ⇒ ∆V is a pseudo natural
transformation with coherence 2-cells τ ′ up to which π′ is natural. To define a
functor ψπ′ = b ∈ Obj MorC(W,V ) we use the universal mapping property of the
quotient category W as follows. Define an auxiliary functor d : W ′ → V as the
functor induced by the map of directed graphs below which is also called d.
• For all i ∈ Obj J and x ∈ Obj Ai ⊆ Obj W ′ let
dx := π′ix.
• For all i ∈ Obj J , x, y ∈ Obj Ai, and all g ∈MorAi(x, y) ⊆ MorW ′(x, y)
let
dg := π′ig.
• For all i, j ∈ Obj J , f ∈MorJ (i, j), and all x ∈ Obj Ai ⊆ Obj W ′ define
d(h(x,f)) := τ
′
i,j(f)x : π
′
ix→ π
′
j ◦ afx
d(h−1(x,f)) := τ
′
i,j(f)
−1
x : π
′
j ◦ afx→ π
′
ix.
We claim that d preserves the congruence placed on the categoryW ′. Following
the order in the definition of ∼ we have the verifications:
• For m,n ∈ Mor Ai ⊆ Mor W ′ with Sn = Tm we have d(n ◦W ′ m) =
dn ◦V dm = πin ◦V πim = πi(n ◦Ai m) = d(n ◦Ai m) and for all 1x ∈ Ai
we have d1x = π
′
i(1x) = 1π′ix because π
′
i is a functor. But 1π′ix is also the
same as d applied to the identity on x in the free category W ′.
• Since π′ is a pseudo natural transformation, for all i
f //j
g //k in J
we have
(iπ′
k
∗ γf,g) ⊙ (τ ′j,k(g) ∗ iaf ) ⊙ (i1V ∗ τ
′
i,j(f)) = τ
′
i,k(g ◦ f) ⊙ (i1V ∗ iπi) as
natural transformations. Evaluating this at x ∈ Obj Ai yields
(π′kγf,g(x)) ◦ τ
′
j,k(g)afx ◦ τ
′
i,j(f)x = τ
′
i,k(g ◦ f)x.
This says precisely d(γf,g(x) ◦W ′ h(af (x),g) ◦W ′ h(x,f)) = d(h(x,g◦f)).
• For all i, j ∈ Obj J , all f ∈ MorJ (i, j), and all morphisms m : x→ y of
Ai we have to show d(h(y,f) ◦W ′m) = d(af (m) ◦W ′ h(x,f)). Writing out d,
we see that this is the same as verifying τ ′i,j(f)y ◦V π
′
im = (π
′
j ◦ af )m ◦V
τ ′i,j(f)x, which is true because the assignment x 7→ τ
′
i,j(f)x is a natural
transformation from π′i to π
′
j ◦ af .
• For all j ∈ Obj J and all x ∈ Obj Aj we have to show d(δFj∗)x = dh(x,1j).
Writing out d we see that this is the same as verifying π′j(δ
F
j∗)x = τ
′
j,j(1j)x.
Since π′ is a pseudo natural transformation from F to ∆V , the natural
transformation τ ′ must satisfy the coherence (iπ′j ∗ δ
F
j∗)⊙ iπ′j = τ
′
j,j(1j)⊙
(i1V ∗ iπ′j)⊙ iπ′j as natural transformations. Evaluating this coherence at
x ∈ Obj Aj we get π′j(δ
F
j∗)x ◦ 1π′jx = τ
′
j,j(1j)x ◦ 1π′jx ◦ 1π′jx, which implies
d(δFj∗)x = dh(x,1j) by the remarks above.
• For all i, j ∈ Obj J , f ∈ MorJ (i, j), and all x ∈ Obj Ai ⊆ Obj W ′ we
have d(h−1(x,f)◦W ′h(x,f)) = τ
′
i,j(f)
−1
x ◦τ
′
i,j(f)x = 1π′jx = d(1x) and similarly
d(h(x,f) ◦W ′ h
−1
(x,f)) = d(1afx).
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Thus d : W ′ → V is a functor that preserves the congruence on W ′. By
the universal mapping property of quotient category W of W ′, there exists a
unique functor b : W → V which factors d via the projection. Define ψ(π′) :=
b ∈ Obj MorC(W,V ). This is how ψ is defined on the objects of the category
PseudoCone(F, V ).
Next we define ψ on morphisms of the category PseudoCone(F, V ). Let Ξ :
σ  σ′ be a morphism in PseudoCone(F, V ), i.e. Ξ is a modification from the
pseudo natural transformation σ : F ⇒ ∆V to the pseudo natural transformation
σ′ : F ⇒ ∆V . Let τ and τ ′ respectively denote the natural transformations that
make the pseudo natural transformations σ and σ′ natural up to cell. We define
a morphism ψ(Ξ) of MorC(W,V ) as follows. Note that such a morphism is by
definition a natural transformation between functors from the small categoryW to
the small category V . Since Ξ is a modification, we have a 2-cell Ξi : σi ⇒ σ′i in the
category C for each i ∈ Obj J . Let b, b′ denote the respective functors ψ(σ), ψ(σ′) :
W → V . For x ∈ Obj Ai ⊆ Obj W define ψ(Ξ)x : bx = σix → σ′ix = b
′x to be
Ξi(x) : σix → σ′ix. The following two commutative diagrams show that ψ(Ξ) is
a natural transformation. For x, y ∈ Obj Ai and m ∈ MorAi(x, y) ⊆ MorW (x, y)
the diagram
bx
Ξix //
σim=bm

b′x
b′m=σ′im

by
Ξiy
// b′y
in V commutes because Ξi : σi ⇒ σ′i is a natural transformation. For a morphism
f : i→ j in J the diagram
bx
Ξix //
τi,j(f)x=bh(x,f)

b′x
b′h(x,f)=τ
′
i,j(f)x

baf (x)
Ξjaf (x)
// b′af (x)
commutes because of the coherence in the definition of modification and because of
the definitions of b, b′ on h(x,f). We see this by taking γ = if in diagrams (3.1) and
(3.2) in the definition of modification. An inductive argument shows that ψ(Ξ) is
natural for all other arrows inW as well. Hence ψ(Ξ) : ψ(σ)⇒ ψ(σ′) is a morphism
in the category MorC(W,V ).
Lastly we verify that ψ is a functor, i.e. that ψ preserves the identity mod-
ifications and the composition of modifications. Let Ξ : σ  σ be the identity
modification belonging to a pseudo natural transformation σ : F ⇒ ∆V . This
means that Ξi : σi ⇒ σi is the identity natural transformation for the functor
σi : Ai → V . For all i ∈ Obj J and all x ∈ Obj Ai we have by definition of ψ
that ψ(Ξ)x : ψ(σ)x = σix → σix = ψ(σ)x is Ξi(x) : σix → σix, which is the
identity morphism on the object σix of the small category V by hypothesis. Hence
ψ(Ξ) : ψ(σ)→ ψ(σ) is the identity natural transformation and ψ preserves identity
modifications.
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To verify that ψ preserves compositions, let Ξ : σ  σ′ and Ξ′ : σ′  σ′′
be modifications. Then the vertical composition of modifications (which makes
PseudoCone(F, V ) a category) is defined as (Ξ′ ⋄Ξ)i := Ξ′i⊙Ξi where Ξ
′
i⊙Ξi is the
vertical composition of the natural transformations Ξi : σi ⇒ σ′i and Ξ
′
i : σ
′
i ⇒ σ
′′
i
as usual. Then for all i ∈ Obj J and all x ∈ Obj Ai ⊆ Obj W we have ψ(Ξ′ ⋄Ξ)x =
(Ξ′ ⋄Ξ)i(x) = (Ξ′i⊙Ξi)x = Ξ
′
i(x)◦Ξi(x) = ψ(Ξ
′)x ◦ψ(Ξ)x = (ψ(Ξ′)⊙ψ(Ξ))x. Thus
ψ(Ξ′ ⋄ Ξ) = ψ(Ξ′)⊙ ψ(Ξ) and ψ preserves compositions of modifications. Hence ψ
is a functor.
Lemma 4.6. The functor φ ◦ ψ : PseudoCone(F, V ) → PseudoCone(F, V ) is
the identity functor.
Proof: First we verify this for objects, then for morphisms. Let π′ : F ⇒ ∆V
be a pseudo natural transformation with coherence isomorphisms τ ′. Let b = ψ(π′).
Then using the definitions of b in Lemma 4.5 and the definition of π above we
evaluate φ(ψ(π′)) at each object i of J and compare the resulting functor φ(ψ(π′))i
to the functor π′i. Formally this is:
• For all x ∈ Obj Ai, we have
φ(ψ(π′))ix = φ(b)ix = (b ◦ πi)x = bx = π
′
ix.
• For all x, y ∈ Obj Ai and all g ∈MorAi(x, y) we have
φ(ψ(π′))ig = φ(b)ig = (b ◦ πi)g = bg = π
′
ig.
Thus φ(ψ(π′)) = π′ for all objects π′ of the category PseudoCone(F, V ). Hence
φ ◦ ψ is the identity on objects.
Next we verify the lemma for morphisms. Let Ξ : σ  σ′ be a morphism in
the category PseudoCone(F, V ), i.e. Ξ is a modification from the pseudo natural
transformation σ : F ⇒ ∆V to the pseudo natural transformation σ′ : F ⇒ ∆V .
Let b = ψ(σ), b′ = ψ(σ′) : W → V and γ = ψ(Ξ) : b ⇒ b′ for more convenient
notation. Then φ(ψ(Ξ)) = φ(γ) : b ◦ π  b′ ◦ π is a modification from σ to σ′
by the result on objects. For each j ∈ Obj J we have the natural transformation
φ(γ)(j) = γ ∗ iπj : b ◦ πj ⇒ b
′ ◦ πj . But this natural transformation is precisely
Ξj : σj ⇒ σ′j by the definition of γ via ψ. Thus for all morphisms Ξ of the category
PseudoCone(F, V ) we have φ(ψ(Ξ)) = Ξ. Hence φ◦ψ is the identity on morphisms.
Lemma 4.7. The composite functor ψ ◦ φ :MorC(W,V )→MorC(W,V ) is the
identity functor.
Proof: First we verify this for objects, then on generators for morphisms. Let
b : W → V be a functor and x ∈ Obj Ai ⊆ Obj W . Then ψ ◦ φ(b)x = ψ(b ◦ π)x =
(b ◦ πi)x = bx. Similarly for a morphism g ∈ MorAi(x, y) ⊆ MorW (x, y) we have
ψ◦φ(b)g =ψ(b◦π)g =(b◦πi)g = bg. For morphisms h(x,f), the analogous calculation
is ψ◦φ(b)h(x,f) = ψ(b◦π)h(x,f) = (ib∗τi,j(f))x = b(τi,j(f)x) = bh(x,f). That follows
because the coherence 2-cell up to which b◦π is natural is (ib∗τi,j(f))x = b(τi,j(f)x),
then we use the third part of the definition of ψ as well as the definition h(x,f) =
τi,j(f)x. Thus ψ ◦ φ(b) = b for all objects b of the category MorC(W,V ). Hence
ψ ◦ φ is the identity on the objects of the category MorC(W,V ).
Next we verify the lemma for morphisms. Let γ : b ⇒ b′ be a morphism in
MorC(W,V ), i.e. a natural transformation from some functor b to some functor
28 4. WEIGHTED PSEUDO COLIMITS IN THE 2-CATEGORY OF SMALL CATEGORIES
b′. Let Ξ = φ(γ), σ = φ(b), and σ′ = φ(b′) for more convenient notation. Then
by definition Ξ : σ = b ◦ π  b′ ◦ π = σ′ is the modification which takes j ∈ J to
γ ∗ iπj . Let x ∈ Obj Aj ⊆ Obj W . Then ψ(Ξ)x : ψ(σ)x = σjx → σ
′
jx = ψ(σ
′)x
is Ξj(x) = (γ ∗ iπj)x : (b ◦ π)jx → (b
′ ◦ π)jx. This is described by the following
diagram.
Aj
πj //
iπj

W
b //
γ

V
Aj πj
// W
b′
// V
But by definition of φ and (b ◦ π)j , we see that Ξj(x) = γπjx = γx is precisely
γx : bx → b′x. Thus ψ(Ξ)x = γx and ψ(φ(γ)) = ψ(Ξ) = γ. Hence ψ ◦ φ is the
identity on the morphisms of the category MorC(W,V ).
Lemma 4.8. The small category W and the pseudo natural transformation
π : F ⇒ ∆W are universal in the sense that the functor φ : MorC(W,V ) →
PseudoCone(F, V ) defined by φb = b ◦ π for objects b is an isomorphism of cate-
gories for all objects V of C.
Proof: This follows immediately from the previous four lemmas because V
was an arbitrary object of the 2-category C.
Lemma 4.9. The small category W and the pseudo natural transformation
π : F ⇒ ∆W are a pseudo colimit of the pseudo functor F : J → C.
Proof: This follows from Lemmas 4.3 and 4.8.
Thus every pseudo functor F : J → C from a small 1-category J to the
2-category C of small categories admits a pseudo colimit. In other words, the 2-
category C of small categories admits pseudo colimits. This completes the proof of
Theorem 4.2.
Lemma 4.10. The 2-category of C of small categories admits tensor products.
Proof: Let J and F be small categories. Then J ∗ F := J × F is a tensor
product of J and F with unit π : J → Cat(F, J × F ) defined by
π(j)(x) := (j, x)
π(j)(f) := (1j , f)
π(g)x := (g, 1x)
for j ∈ Obj J, x ∈ Obj F, f ∈ Mor F, g ∈ Mor J . Alternatively one can see that
Cat(J × F,C) is isomorphic to Cat(J,Cat(F,C)) by the usual adjunction.
Lemma 4.11. The 2-category C of small categories admits weighted pseudo col-
imits.
Proof: This 2-category admits pseudo coequalizers by Theorem 4.2. It also
admits tensor products by Lemma 4.10. It is not difficult to construct 2-coproducts
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in this 2-category by using disjoint union. Hence, by the dual version of Theorem
3.22, the 2-category C admits weighted pseudo limits.
Remark 4.12. The 2-category of small groupoids admits weighted pseudo col-
imits.
Proof: The proof is the same as in the proof for the 2-category of small
categories except that we replace the free category by the free groupoid.
Theorem 4.13. The 2-category of small categories and the 2-category of small
groupoids admit weighted bicolimits.
Proof: These 2-categories admit weighted pseudo colimits. Every weighted
pseudo colimit is a weighted bicolimit.
CHAPTER 5
Weighted Pseudo Limits in the 2-Category of
Small Categories
Not only does the 2-category C of small categories admit pseudo colimits, but
it also admits pseudo limits. In fact we construct them explicitly in the next proof.
The notation remains the same as in the previous chapter. This description is not
new, since the candidate L in the proof below can be found in [50]. Theorem 3.22
allows us to conclude that C admits weighted pseudo limits.
Theorem 5.1. The 2-category C of small categories admits pseudo limits.
Proof: Let J be a small 1-category and F : J → C a pseudo functor. Recall
that a pseudo cone from X to F is a pseudo natural transformation ∆X ⇒ F and
that PseudoCone(X,F ) denotes the category with objects the pseudo cones from
X to F and morphisms the modifications between them. A pseudo limit of F is an
object L ∈ Obj C with a pseudo cone π : ∆L ⇒ F which are universal in the sense
that (π◦) : MorC(V, L) → PseudoCone(V, F ) is an isomorphism of categories for
all small categories V .
First we define candidates L ∈ Obj C and π : ∆L ⇒ F . Then we show that
they are universal. For each j ∈ Obj J let Aj denote the small category Fj as
in the proof for the pseudo colimit. Then the candidate for the pseudo limit is
L := PseudoCone(1, F ), also called the category of pseudo cones to F on a point.
The pseudo natural transformation candidate π : ∆L ⇒ F is defined for all objects
η : ∆1 ⇒ F of L as πi(η) := ηi(∗) for all i ∈ Obj J . For morphisms Θ : η  η′
of L define πi(Θ) := Θi(∗) : ηi(∗) → η′i(∗) for all i ∈ Obj J . Define the coherence
isos τi,j
MorJ (i, j)
∆L //
F

MorC(L,L)
πj◦

MorC(Ai, Aj) ◦πi
//
τi,j
3;pppppppppppppppp
pppppppppppppppp
MorC(L,Aj)
belonging to π : ∆L ⇒ F by τi,j(f)η := τ
η
i,j(f)∗ for all f ∈ MorJ (i, j) and all
η ∈ Obj L where τηi,j is the coherence natural isomorphism belonging to η : ∆1 ⇒ F .
MorJ (i, j)
∆1 //
F

MorC(1,1)
ηj◦

MorC(Ai, Aj) ◦ηi
//
τ
η
i,j
3;pppppppppppppppp
pppppppppppppppp
MorC(1, Aj)
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Lemma 5.2. The map π : ∆L ⇒ F is a pseudo natural transformation with
coherence 2-cells given by τ .
Proof: First we show that for each j ∈ Obj J we have a morphism πj :
L = ∆L(j) → Fj = Aj in the 2-category C. We claim that πj is a morphism, i.e.
a functor. Let 1η = Θ : η  η be the identity modification of the pseudo cone
η : ∆1 ⇒ F . This means Θj = iηj : ηj ⇒ ηj is the identity natural transformation
for all j ∈ Obj J . Then πj(1η) = πj(Θ) = Θj(∗) = 1ηj(∗) = 1πj(η) and πj preserves
identities. Now let Θ,Ξ denote modifications in L such that Ξ ⋄ Θ exists. Then
πj(Ξ ⋄ Θ) = (Ξ ⋄ Θ)j(∗) = Ξj ⊙ Θj(∗) = Ξj(∗) ◦ Θj(∗) = πj(Ξ) ◦ πj(Θ). Thus
πj : L→ Aj is a functor.
Next we show that τi,j as defined above is a natural transformation for all
i, j ∈ Obj J . By inspecting the definition diagram for τi,j above we see that for
all f ∈ MorJ (i, j) we should have an element τi,j(f) of Mor MorC(L,Aj). To
this end, we claim that τi,j(f) : Ff ◦ πi ⇒ πj is a natural transformation. To see
this, let Θ : η  η′ be a modification, i.e. a morphism in the category L. Then
by taking γ = if in the definition of modification and evaluating the modification
diagrams (3.1) and (3.2) at ∗ ∈ Obj 1 with α = η, β = η′, A = i, B = j,Ξ = Θ we
obtain the commutivity of the diagram in the category Aj
Ff(ηi(∗))
τ
η
i,j(f)∗ //
Ff(Θi(∗))

ηj(∗)
Θj(∗)

Ff(η′i(∗))
τ
η′
i,j(f)∗
// η′j(∗)
where τη and τη
′
denote the coherence natural transformations belonging to the
pseudo cones η and η′ respectively. Using the definitions τi,j(f)η := τ
η
i,j(f)∗, πi(η) :=
ηi(∗), and πi(Θ) := Θi(∗) we see that this diagram is
Ff ◦ πi(η)
τi,j(f)η //
Ff◦πi(Θ)

πj(η)
πj(Θ)

Ff ◦ πi(η′)
τi,j(f)η′
// πj(η′)
which says precisely that η 7→ τi,j(f)η is natural for fixed morphisms f : i → j of
J . Thus τi,j(f) : Ff ◦ πi ⇒ πj is a natural transformation. On the other hand,
the assignment MorJ (i, j) ∋ f 7→ τi,j(f) is vacuously natural because the category
MorJ (i, j) is discrete. Thus τi,j is a natural transformation for all i, j ∈ Obj J .
The natural isomorphisms τ satisfy the unit axiom and composition axiom
involving δ and γ because the individual τη do.
Now we must show that the small category L and the pseudo natural transfor-
mation π : ∆L ⇒ F are universal in the sense that the functor φ : MorC(V, L) →
PseudoCone(V, F ) defined by φb = π ◦ b for objects b is an isomorphism of cate-
gories for all objects V of C. More precisely, φ is defined for b ∈ Obj MorC(V, L) and
j ∈ Obj J as φ(b)(j) = πj ◦ b. The natural transformations for the pseudo cone φb
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are τi,j(f) ∗ ib for all f : i→ j in J . For morphisms γ : b⇒ b′ in Mor MorC(V, L)
we define φ(γ) : π ◦ b  π ◦ b′ to be the modification which takes j ∈ Obj J to
φ(γ)(j) = iπj ∗ γ. In the following, V is a fixed object of the 2-category C of small
categories.
Lemma 5.3. The map φ :MorC(V, L)→ PseudoCone(V, F ) is a functor.
Proof: The proof is analogous to the proof for the φ of the pseudo colimit.
Now we construct a functor ψ : PseudoCone(V, F ) → MorC(V, L) that is
inverse to φ. First we define ψ for objects, then for morphism. Finally we verify
that it is a functor and inverse to φ. The key observation in the construction is
that we can get a pseudo cone on a point by evaluating a pseudo cone on an object.
This is the essence of the identification we make below.
Remark 5.4. Let Obj P be the subset of the set
{(ai)i × (εf )f ∈
∏
i∈Obj J Obj Ai ×
∏
f∈Mor J Mor ATf | εf : Ff(aSf) → aTf is
iso
for all f ∈Mor J } consisting of all (ai)i × (εf )f such that:
• ε1j ◦ δ
F
j∗(aj) = 1aj for all j ∈ Obj J .
• εg ◦ (Fg(εf)) = εg◦f ◦γFf,g(aSf ) for all f, g ∈Mor J such that g ◦f exists.
Then Obj L and Obj P are in bijective correspondence via the map Obj L →
Obj P , η 7→ (ηi(∗))i × (τ
η
Sf,Tf (f)∗)f .
Proof: The two conditions express exactly the required coherences for a
pseudo cone η : ∆1 ⇒ F . Any pseudo cone η : ∆1 ⇒ F is completely determined
by the data listed in the image sequence.
Remark 5.5. Let η = (ai)i×(εf)f and η′ = (a′i)i×(ε
′
f)f be elements of Obj P .
Let MorP (η, η
′) denote the set of (ξi)i ∈
∏
i∈Obj J MorAi(ai, a
′
i) such that
Ff(ai)
εf //
Ff(ξi)

aj
ξj

Ff(a′i)
ε′f
// a′j
commutes for all f : i→ j in J . ThenMorL(η, η′) andMorP (η, η′) are in bijective
correspondence via the map MorL(η, η
′)→MorP (η, η′), Θ 7→ (Θi(∗))i. Moreover,
the composition Θ⋄Ξ inMorL(η, η′) corresponds to the componentwise composition
in MorP (η, η
′).
Proof: The diagram is the result of evaluating the coherence stated in di-
agrams (3.1) and (3.2) in the definition of modification at ∗. The claim about
composition follows immediately from the definition of vertical composition ⋄ of
modifications.
Remark 5.6. Under the identification above, P is a category and πj is the
projection onto the j-th coordinate.
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Proof: This follows directly from the definition of π and the identification.
We will use the identification without explanation. Now we define a functor
ψ(π′) = b : V → L for any object π′ of PseudoCone(V, F ). This will substantiate
the comment that evaluating a pseudo cone on an object gives a pseudo cone on a
point.
Lemma 5.7. Let π′ : ∆V ⇒ F be a pseudo natural transformation with co-
herence natural isomorphisms τ ′. For any fixed x ∈ Obj V we have ψ(π′)(x) :=
b(x) := (π′i(x))i × (τ
′
Sf,Tf (f)x)f is an element of Obj P = Obj L.
Proof: Evaluating the coherences for τ involving δ and γ at the object x gives
the coherences in the definition of P . Thus b(x) ∈ Obj P and b(x) is a pseudo cone
∆1 ⇒ F , in other words b(x) is a pseudo cone on a point.
Lemma 5.8. Let π′ : ∆V ⇒ F be a pseudo natural transformation with co-
herence natural isomorphisms τ ′. Then for any fixed h ∈ MorV (x, y) we have a
modification ψ(π′)(h) := b(h) := (π′i(h))i : b(x)  b(y). This notation means
b(h)i(∗) := π′i(h).
Proof: For notational convenience let η := b(x) : ∆1 ⇒ F and η′ := b(y) :
∆1 ⇒ F . Let Θ = b(h). Then τ ′i,j(f)x = τ
η
i,j(f)∗ and τ
′
i,j(f)y = τ
η′
i,j(f)∗ and
Θi(∗) = π′i(h) for all f : i→ j in J by the identification. The naturality of τ
′
i,j(f)
says τ ′i,j(f)y ◦ Ff(π
′
i(h)) = π
′
j(h) ◦ τ
′
i,j(f)x for all f : i → j in J . Rewriting this
identity using η, η′, and Θ gives τη
′
i,j(f)∗ ◦ Ff(Θi(∗)) = Θj(∗) ◦ τ
η
i,j(f)∗. This last
identity says that the composition of natural transformations (2-cells)
1
ηi //
Θi

Fi
Ff //
Fif

Fj
1
η′i
// Fi
Ff
//
τ
η′
i,j(f)

Fj
1
∆1(f)
// 1
η′j
// Fj
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is the same as the composition
1
ηi // Fi
Ff //
τ
η
i,j(f)

Fj
1
∆1(f) //
∆1(if )

1
ηj //
Θj

Fj
1
∆1(f)
// 1
η′j
// Fj
of natural transformations for all f : i → j in J . The only 2-cells in the category
J are of the form if . Therefore we have verified diagrams (3.1) and (3.2) for Θ to
be a modification. Thus ψ(π′)(h) = b(h) = Θ : η  η′ is a modification.
Lemma 5.9. For any pseudo natural transformation π′ : ∆V ⇒ F the map
ψ(π′) = b : V → L is a functor.
Proof: For each x ∈ Obj V and all j ∈ Obj J we have b(1x)j(∗) = π′j(1x) =
1π′
j
x since π
′
j : V → Aj is a functor. Hence b(1x)j = ib(x)j . Hence b(1x) : b(x)  
b(x) is the identity modification. If h and ℓ are morphisms in V such that ℓ◦h exists,
then b(ℓ◦h)j(∗) = π′j(ℓ◦h) = π
′
j(ℓ)◦π
′
j(h) = b(ℓ)j(∗)◦b(h)j(∗) = (b(ℓ)j⊙b(h)j)(∗) =
(b(ℓ) ⋄ b(h))j(∗). Hence b(ℓ ◦ h) = b(ℓ) ⋄ b(h) and b preserves compositions.
Lemma 5.10. Let Ξ : α β be a morphism in the category PseudoCone(V, F ).
Then ψ(Ξ) : ψ(α)⇒ ψ(β) defined by V ∋ x 7→ (Ξi(x))i ∈MorL(ψ(α)x, ψ(β)x) is a
natural transformation. As in Remark 5.5 above, this definition means ψ(Ξ)(x)i(∗) :=
Ξi(x).
Proof: Since Ξ : α  β is a modification, for each object i of J there is a
2-cell of C (a natural transformation) Ξi : αi ⇒ βi and these satisfy the condition
listed in the definition of modification. Evaluating this condition in diagrams (3.1)
and (3.2) at x ∈ V we see that (Ξi(x))i : ψ(α)x ψ(β)x is a modification. Hence
(Ξi(x))i ∈MorL(ψ(α)x, ψ(β)x).
We claim that ψ(Ξ) is natural, i.e. that the diagram
ψ(α)x
(Ξi(x))i //
ψ(α)g=(αi(g))i

ψ(β)x
(βi(g))i=ψ(β)g

ψ(α)y
(Ξi(y))i
// ψ(β)y
in L commutes. We only need to verify that the diagram commutes componentwise,
since the vertical composition of modifications corresponds to the componentwise
composition of these sequences under the identification. But the diagram obviously
commutes componentwise because Ξi : αi ⇒ βi is a natural transformation.
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Theorem 5.11. The map ψ : PseudoCone(V, F )→ MorC(V, L) as defined in
the previous lemmas is a functor.
Proof: Suppose Ξ : α  α is the identity modification for a pseudo cone
α : ∆V ⇒ F . Then Ξj = iαj : αj ⇒ αj for all j ∈ Obj J , so that Ξj(x) = (iαj )x =
1αj(x). Then x 7→ (1αj(x))j is the identity morphism ψ(α)→ ψ(α) in MorC(V, L).
If Ξ,Θ are modifications in PseudoCone(V, F ) such that Θ ⋄Ξ exists, then for
all x ∈ V we have
ψ(Θ ⋄ Ξ)(x) = ((Θ ⋄ Ξ)i(x))i
= ((Θi ⊙ Ξi)(x))i
= (Θi(x) ◦ Ξi(x))i
= (Θi(x))i ⋄ (Ξi(x))i
= ψ(Θ)(x) ⋄ ψ(Ξ)(x)
= (ψ(Θ)⊙ ψ(Ξ))(x).
Hence ψ(Θ ⋄ Ξ) = ψ(Θ)⊙ ψ(Ξ) and ψ preserves compositions.
Now that we have constructed the functor ψ, we prove that it is inverse to φ.
Lemma 5.12. The functor ψ is a left inverse for φ, i.e. ψ ◦ φ = 1MorC(V,L).
Proof: First we verify the identity on objects. Let b : V → L be an object of
MorC(V, L). Recall that φ(b) is the pseudo natural transformation π ◦ b with the
coherence natural transformations τ ′i,j(f) = τi,j(f) ∗ ib for all f : i→ j. For x ∈ V
we have
ψ ◦ φ(b)(x) = ψ(π ◦ b)(x)
= (πi ◦ b(x))i × (τ
′
Sf,Tf (f)x)f
= (πi ◦ b(x))i × ((τSf,Tf (f) ∗ ib)x)f
= (b(x)i(∗))i × (τSf,Tf (f)b(x))f
= (b(x)i(∗))i × (τ
b(x)
Sf,Tf (f)∗)f by definition
= b(x) by the identification.
For g : x→ y in V we have
ψ ◦ φ(b)(g) = ψ(π ◦ b)(g)
= (πi ◦ b(g))i
= (b(g)i(∗))i
= b(g) by the identification.
Thus ψ ◦ φ(b) and b agree as functors.
Next we verify the identity on morphisms. Let γ : b ⇒ b′ be a natural trans-
formation. Then for x ∈ V we have
ψ ◦ φ(γ)x = ψ(iπ ∗ γ)x
= ((iπj ∗ γ)x)j
= (πj(γx))j
= (γxj(∗))j
= γx by the identification.
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Thus ψ ◦ φ(γ) and γ agree as natural transformations and ψ ◦ φ = 1MorC(V,L).
Another way to see this is to notice that πi is the projection onto the i-th
coordinate.
Lemma 5.13. The functor ψ is a right inverse for φ, i.e. φ◦ψ = 1PseudoCone(V,F ).
Proof: First we verify the identity on objects. Let π′ : ∆V ⇒ F be a pseudo
cone. For j ∈ Obj J and x ∈ V we have
(φ ◦ ψ(π′))j(x) = (π ◦ ψ(π
′))j(x)
= πj ◦ ψ(π
′)(x)
= πj((π
′
i(x))i × (τ
′
Sf,Tf (f)x)f )
= π′j(x).
The last equality follows because πj is basically projection onto the j-th coordinate
under the identification.
Next we verify the identity on morphisms. Let Ξ : α β be a modification in
PseudoCone(V, F ). For j ∈ Obj J and x ∈ V we have
(φ ◦ ψ(Ξ))j(x) = (iπj ∗ ψ(Ξ))x
= πj(ψ(Ξ)x)
= πj((Ξi(x))i)
= Ξj(x).
Thus φ ◦ ψ(Ξ) = Ξ and φ ◦ ψ = 1PseudoCone(V,F ).
Lemma 5.14. The small category L with the pseudo cone π : ∆L ⇒ F is a
pseudo limit of the pseudo functor F : J → C.
Proof: The functor φ :MorC(V, L)→ PseudoCone(V, F ) is an isomorphism
of categories by the previous lemmas. Since V was arbitrary we conclude that L
and π are universal.
Thus every pseudo functor F : J → C from a small 1-category J to the 2-
category C of small categories admits a pseudo limit. In other words, the 2-category
C of small categories admits pseudo limits. This completes the proof of Theorem
5.1.
Lemma 5.15. The 2-category C of small categories admits cotensor products.
Proof: Let J and F be small categories. Then {J, F} := C(J, F ) is a cotensor
product of J and F with unit π : J → C(C(J, F ), F ) defined by evaluation.
Theorem 5.16. The 2-category C of small categories admits weighted pseudo
limits.
Proof: This 2-category admits 2-products. It also admits cotensor products
and pseudo equalizers by Lemma 5.15 and Theorem 5.1. Theorem 3.22 then implies
that it admits weighted pseudo limits.
Remark 5.17. The 2-category of small groupoids admits weighted pseudo lim-
its.
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Proof: The proof is exactly the same as the proof for small categories, since
L = PseudoCone(1, F ) is obviously a groupoid when the target of F is the 2-
category of small groupoids.
Theorem 5.18. The 2-category of small categories and the 2-category of small
groupoids admit weighted bilimits.
Proof: They admit weighted pseudo limits, hence they also admit weighted
bilimits.
CHAPTER 6
Theories and Algebras
The axioms for a group provide an example for the concept of a theory and
an example of a group is an algebra over the theory of groups. In this chapter we
describe what this means. Hu and Kriz point out in [25] that Lawvere’s notion of
a theory [34] is equivalent to another notion of theory. We prove this equivalence.
It is well known that the category of algebras over a theory T is equivalent to the
category of algebras for some monad C. We present a version of this. Next we
generalize theories in two ways: theories on a set of objects and theories enriched
in groupoids. Theories on a set of objects allow us to describe algebraic structures
on more than one set, such as modules or theories themselves. They also allow us
to describe the free theory on a sequence of sets. Theories enriched in groupoids
will be used in Chapter 7 to describe pseudo algebras over a theory T as strict
algebras over a theory T enriched in groupoids.
A theory can also be described as a finitary monad on the category Sets of small
sets as put forth in [7]. Theories on more than one object are called many-sorted
in the monad description. Free finitary monads in the enriched and many-sorted
contexts can be found in [30] and [32]. See [47] for monads in a general 2-category.
Definition 6.1. A theory is a category T with objects 0, 1, 2, . . . such that n
is the product of 1 with itself n times in the category T and each n is equipped
with a limiting cone.
This definition means for each n ∈ Obj T we have chosen morphisms pri :
n→ 1 for i = 1, . . . , n with the universal property: for any object m ∈ Obj T and
morphisms wi : m→ 1 for i = 1, . . . , n there exists a unique morphism∏n
j=1 wj : m→ n such that the diagram
n
pri // 1
m
∏n
j=1 wj
OO
wi
??~~~~~~~~~~~
commutes for all i = 1, . . . , n. In particular 0 is the terminal object of the category
T . Note that we do not require the projection pr1 : 1 → 1 to be the identity,
although it will automatically be an isomorphism. A useful notation is T (n) :=
MorT (n, 1) for n ∈ Obj T . Elements of T (n) are called words of arity n.
Another relevant morphism is the following. Let ιi : {1, . . . , ni} → {1, . . . , n1+
n2 + · · ·+ nk} be the injective map which takes the domain to the i-th block and
suppose that wi : ni → 1 is a morphism for all i = 1, . . . k. Then there exists a
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unique map denoted (w1, . . . , wk) such that
k
pri // 1
n1 + n2 + · · ·+ nk
(w1,...,wk)
OO
wi◦ι
′
i
88rrrrrrrrrrrrrrrr
commutes for all i = 1, . . . , k where ι′i : n1 + n2 + · · · + nk → ni is the unique
morphism such that
ni
prj // 1
n1 + n2 + · · ·+ nk
ι′i
OO
prιij
88rrrrrrrrrrrrrrrr
commutes. One should keep in mind that n1 + n2 + · · · + nk is the product of
n1, . . . , nk. Note that (w1, . . . , wk) is not the same thing as the tuple w1, . . . , wk.
The arrow (w1, . . . , wk) is not the product of w1, . . . , wk.
Lemma 6.2. Let T be a theory. Then MorT (m,n) can be identified with the
set-theoretic product
∏n
j=1MorT (m, 1) via the map which takes w to the tuple with
entries pr1 ◦ w, . . . , prn ◦ w. We identify w with that tuple. In particular a theory
is determined up to isomorphism by the sets T (0), T (1), T (2), . . . .
Proof: This follows directly from the definition of product in a category.
Example 6.3. Let X be a set. Then the endomorphism theory End(X) has
objects 0, 1, 2, . . . and hom setsMorEnd(X)(m,n) =Map(X
m, Xn). Composition is
the usual function composition. Here we readily see that {∗} is the terminal object
and that End(X)(0) =MorEnd(X)(0, 1) can be identified with X .
Let w ∈ End(X)(k) and wi ∈ End(X)(ni) for i = 1, . . . , k. Then the composite
function γ(w,w1, . . . , wk) := w◦(w1, . . . , wk) is an element of End(X)(n1+· · ·+nk).
This composition is associative. Let 1 := 1X ∈ End(X)(1). Then apparently
w ◦ (1, . . . , 1) = w and 1 ◦ w = w, i.e. the composition is also unital.
Let {1, . . . , k}
f //{1, . . . , ℓ}
g //{1, . . . ,m} be maps of sets. For a word
w ∈ End(X)(k) we define a new word wf ∈ End(X)(ℓ) by wf (x1, . . . , xℓ) :=
w(xf1, . . . , xfk) called the substituted word. Thus we have maps
End(X)(k)
()f // End(X)(ℓ)
()g // End(X)(m).
If e : ∅ → {1, . . . , k} is the empty function and x ∈ X = End(X)(0), then the
substituted word xe : X
k → X is the constant function (x1, . . . , xk) 7→ x. There
are no other functions ∅ → {1, . . . , k}. We easily see that (wf )g = wg◦f and
widk = w for the identity map idk : {1, . . . , k} → {1, . . . , k}, i.e. these substitution
maps are functorial.
These substitution maps relate to the composition in two ways, which we now
describe. Let f : {1, . . . , k} → {1, . . . , ℓ}, w ∈ End(X)(k), and wi ∈ End(X)(ni)
for i = 1, . . . , ℓ. Then wf ◦ (w1, . . . , wℓ) = (w ◦ (wf1, . . . , wfk))f¯ where
f¯ : {1, 2, . . . , nf1 + nf2 + · · ·+ nfk} // {1, 2, . . . , n1 + n2 + · · ·+ nℓ}
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is the function obtained by parsing the sequence 1, 2, . . . , n1 + n2 + · · · + nℓ into
consecutive blocks B1, . . . , Bℓ of lengths n1, . . . , nℓ respectively and then writing
them in the order Bf1, . . . , Bfk. For example, let n1 = 1, n2 = 2, n3 = 3, n4 =
1, w ∈ T (3), and wi ∈ T (ni) for i = 1, . . . , 4 and let f : {1, 2, 3} → {1, 2, 3, 4} be
given by (
1 2 3
3 2 4
)
.
Then f¯ : {1, 2, . . . , 6} → {1, 2, . . . , 7} is given by(
1 2 3 4 5 6
Bf1 Bf2 Bf3
)
=
(
1 2 3 4 5 6
4 5 6 2 3 7
)
.
We see that
wf ◦ (w1, w2, w3, w4)(x1, . . . , x7) = wf (w1(x1), w2(x2, x3), w3(x4, x5, x6), w4(x7))
= w(w3(x4, x5, x6), w2(x2, x3), w4(x7))
= w ◦ (wf1, wf2, wf3)(x4, x5, x6, x2, x3, x7)
= w ◦ (wf1, wf2, wf3)(xf¯1, xf¯2, . . . , xf¯6).
In other words we have wf ◦ (w1, w2, w3) = (w ◦ (wf1, wf2, wf3))f¯ . Note that f¯
depends not only on f , but also on the arity of the words we are composing. The
equality wf ◦ (w1, . . . , wℓ) = (w ◦ (wf1, . . . , wfk))f¯ is the first relationship between
composition and the substitution maps ()f .
The second way the composition and the substitution maps relate occurs in the
following situation. If w ∈ End(X)(k), wi ∈ End(X)(ni), and gi : {1, . . . , ni} →
{1, . . . , n′i} are functions for i = 1, . . . , k, then w ◦ ((w1)g1 , . . . , (wk)gk) = (w ◦
(w1, . . . , wk))g1+···+gk where g1+ · · ·+gk : {1, 2, . . . , n1+ · · ·+nk} → {1, 2, . . . , n
′
1+
· · ·+n′k} is the function obtained by placing g1, . . . , gk next to each other from left
to right.
Example 6.4. Let X be a category. Then the endomorphism theory End(X)
has objects 0, 1, 2, . . . and it has hom sets MorEnd(X)(m,n) =Functors(X
m, Xn).
We can proceed as in the previous example and define substituted functors (sub-
stituted words). Note that End(X) can be made into a 2-category by taking the
2-cells to be natural transformations, although we leave out the 2-cells for now. In
most applications we will only be concerned with the 1-category End(X).
Example 6.5. Let X be an object of a category with finite products. Then we
obtain a theory End(X) with hom sets MorEnd(X)(m,n) :=Mor(X
m, Xn).
We can abstract the essential properties of End(X) in the previous examples
to get the following lemma for arbitrary theories.
Lemma 6.6. Let T be a theory. Then for all k, n1, . . . , nk ∈ {0, 1, . . .} there is
a map γ : T (k)× T (n1) × · · · × T (nk) → T (n1 + · · · + nk) called composition and
for every function f : {1, . . . , k} → {1, . . . , ℓ} there is a map T (k)
()f //T (ℓ) called
substitution. These maps have the following properties.
(1) The γ’s are associative, i.e.
γ(w, γ(w1, w11 , . . . , w
1
n1
), γ(w2, w21, . . . , w
2
n2
), . . . , γ(wk, wk1 , . . . , w
k
nk
)) =
γ(γ(w,w1, . . . , wk), w11 , . . . , w
1
n1
, w21 , . . . , w
2
n2
, . . . , wk1 , . . . , w
k
nk
).
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(2) The γ’s are unital, i.e. there exists an element 1 ∈ T (1) called the unit
such that
γ(w, 1, . . . , 1) = w = γ(1, w)
for all w ∈ T (k). Moreover, such an element is unique.
(3) The γ’s are equivariant in the sense that
γ(wf , w1, . . . , wℓ) = γ(w,wf1, . . . , wfk)f¯
for all f : {1, . . . , k} → {1, . . . , ℓ} where f¯ : {1, 2, . . . , nf1 + nf2 + · · · +
nfk} → {1, 2, . . . , n1 + n2 + · · · + nℓ} is the function that moves entire
blocks according to f as mentioned in the example above. Here f¯ depends
also on the particular γ.
(4) The γ’s are equivariant in the sense that
γ(w, (w1)g1 , . . . , (wk)gk) = γ(w,w1, . . . , wk)g1+···+gk
for all functions gi : {1, . . . , ni} → {1, . . . , n′i} where g1 + · · · + gk :
{1, 2, . . . , n1 + · · · + nk} → {1, 2, . . . , n′1 + · · · + n
′
k} is the function ob-
tained by placing g1, . . . , gk next to each other from left to right.
(5) The substitution is functorial, i.e. for functions
{1, . . . , k}
f //{1, . . . , ℓ}
g //{1, . . . ,m} the composition
T (k)
()f //T (ℓ)
()g //T (m)
is the same as
T (k)
()g◦f //T (m)
and for the identity function idk : {1, . . . , k} → {1, . . . , k} the map
T (k)
()idk //T (k)
is equal to the identity for all k ≥ 0.
Proof: First we define the substitution. Let f : {1, . . . , k} → {1, . . . , ℓ} be a
function. Then there exists a unique morphism f ′ such that the diagram
k
pri // 1
ℓ
f ′
OO
prfi
@@           
commutes for all i = 1, . . . , k. For w ∈ T (k) define wf := w ◦ f ′. Thus the map
T (k)
()f //T (ℓ) is defined by precomposition with f ′.
Next we define the composition γ : T (k)× T (n1)× · · · × T (nk)→ T (n1+ n2 +
· · · + nk). Let w ∈ T (k), wi ∈ T (ni) for i = 1, . . . , k. Define γ(w,w1, . . . , wk) :=
w ◦ (w1, . . . , wk) where the composition ◦ is the composition of the category T and
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(w1, . . . , wk) is the unique morphism such that
k
pri // 1
n1 + n2 + · · ·+ nk
(w1,...,wk)
OO
(wi)ιi
88rrrrrrrrrrrrrrrr
commutes as defined above.
(1) We claim that γ is associative.
γ(w, γ(w1, w11 , . . . , w
1
n1
), γ(w2, w21 , . . . , w
2
n2
), . . . , γ(wk, wk1 , . . . , w
k
nk
)) =
= w ◦ (w1 ◦ (w11 , . . . , w
1
n1
), . . . , wk ◦ (wk1 , . . . , w
k
nk
))
= w ◦ ((w1, . . . , wk) ◦ ((w11 , . . . , w
1
n1
), . . . , (wk1 , . . . , w
k
nk
)))
= (w ◦ (w1, . . . , wk)) ◦ (w11 , . . . , w
1
n1
, . . . , wk1 , . . . , w
k
nk
)
= γ(γ(w,w1, . . . , wk), w11 , . . . , w
1
n1
, w21, . . . , w
2
n2
, . . . , wk1 , . . . , w
k
nk
)
The second to last equality follows by associativity of composition in the
category T and by properties of products.
(2) We claim that γ is unital. Let 1 : 1→ 1 be the projection morphism of the
object 1 in the category T , which is not necessarily the identity morphism
of the object 1. Then (1, . . . , 1) : k → k is the identity morphism of the
object k because 1ιi = 1 ◦ ι
′
i = 1 ◦ (pr
−1
1 ◦ pri) = pr1 ◦ (pr
−1
1 ◦ pri) = pri
in the diagram
k
pri // 1
k
(1,...,1)
OO
1ιi
@@           
for all i = 1, . . . , k. Here ιi : {1} → {1, . . . , k} is defined by ιi(1) = i.
Thus γ(w, 1, . . . , 1) = w ◦ (1, . . . , 1) = w ◦ 1k = w.
To show γ(1, w) = w we consider the diagram
1
pr1 // 1
n
(w)
OO
wι1
??
where ι1 : {1, . . . , n} → {1, . . . , n} is the identity. Then wι1 = w and
(w) = pr−11 ◦ w. Thus γ(1, w) = 1 ◦ (w) = pr1 ◦ (pr
−1
1 ◦ w) = w.
The uniqueness follows from 1 = γ(1, 1′) = 1′.
(3) Let f : {1, . . . , k} → {1, . . . , ℓ} be a function and wi ∈ T (i) for i = 1, . . . , ℓ.
Using the definitions of f¯ : {1, . . . , nf1+ · · ·+nfk} → {1, . . . , n1+ · · ·+nℓ}
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and ιi from above we see that the following two diagrams
k
pri // 1
nf1 + · · ·+ nfk
(wf1,...,wfk)
OO
(wfi)ιi
77nnnnnnnnnnnnnnnnnnn
n1 + · · ·+ nℓ
f¯ ′
OO
n1 + · · ·+ nℓ
(wfi)ιfi
OO
k
pri // 1
ℓ
f ′
OO
prfi
77oooooooooooooooooooo
n1 + · · ·+ nℓ
(w1,...,wℓ)
OO
n1 + · · ·+ nℓ
(wfi)ιfi
OO
commute for all i = 1, . . . , k. Hence by the universal property of the
product k we have f ′ ◦ (w1, . . . , wℓ) = (wf1, . . . , wfk) ◦ f¯ ′. Using this we
see that
γ(wf , w1, . . . , wℓ) = w ◦ f
′ ◦ (w1, . . . , wℓ)
= w ◦ (wf1, . . . , wfk) ◦ f¯
′
= γ(w,wf1, . . . , wfk)f¯ .
(4) Let gi : {1, . . . , ni} → {1, . . . , n′i} be functions for i = 1, . . . , k. Then
γ(w, (w1)g1 , . . . , (wk)gk) = w ◦ (w1 ◦ g
′
1, . . . , wk ◦ g
′
k)
= w ◦ (w1, . . . , wk) ◦ (g
′
1, . . . , g
′
k)
= w ◦ (w1, . . . , wk) ◦ (g1 + · · ·+ gk)
′
= γ(w,w1, . . . , wk)g1+···+gk .
(5) Let {1, . . . , k}
f //{1, . . . , ℓ}
g //{1, . . . ,m} be functions. Then f ′ and
g′ make the two small subdiagrams in
k
pri // 1
ℓ
f ′
OO
prfi
>>~~~~~~~~~~~~
m
g′
OO
m
prgfi
OO
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commute for all i = 1, . . . , k. Thus the outer diagram commutes and
(g ◦ f)′ = f ′ ◦ g′ by the universal property of the product. We conclude
(wf )g = w ◦ f ′ ◦ g′ = w ◦ (g ◦ f)′ = wg◦f . The identity 1k : k→ k makes
k
pri // 1
k
1k
OO
pridk(i)
@@           
commute for all i = 1, . . . , k where idk : {1, . . . , k} → {1, . . . , k} is the
identity function. Hence (idk)
′ = 1k and widk = w ◦ (idk)
′ = w ◦ 1k = w
for all w ∈ T (k).
We have verified all of the axioms.
There is another description of a theory which can be formulated by using the
category Γ.
Definition 6.7. Let Γ be the category with objects ∅ = 0, 1, 2, . . . where
k = {1, . . . , k}. The morphisms k → ℓ are just maps of sets. In particular 0 is the
initial object since the only map ∅ → k is the empty function. There are no maps
k → ∅ for k ≥ 1. The object 1 is the terminal object. Let + : Γ × Γ → Γ denote
the usual functor obtained by adding the sets and placing maps side by side.
Remark 6.8. Let T be a theory. Then by the previous lemma T defines a
functor from Γ to Sets by k 7→ T (k) and f 7→ ()f . Moreover, this functor comes
with maps γ : T (k) × T (n1) × · · · × T (nk) → T (n1 + · · · + nk) which satisfy 1.
through 5. The compositions γ, unit 1, and substitution are sometimes called the
operations of theories. The relations in 1. through 5. are sometimes called the
relations of theories.
Lemma 6.9. Let T be a functor from Γ to Sets equipped with maps γ : T (k)×
T (n1)× · · · × T (nk)→ T (n1+ · · ·+ nk) and an element 1 ∈ T (1) which satisfy (1)
through (5) where T (f) =: ()f for functions f : k → ℓ. Then T determines a theory
with Mor(n, 1) = T (n) for all n ≥ 0.
Proof: Define the underlying category of the theory to formally have objects
0, 1, 2 . . . and morphisms Mor(m,n) :=
∏n
i=1Mor(m, 1). In particular Mor(m, 0)
only has one element. We denote a tuple of words w1, . . . , wn ∈ Mor(m, 1) by∏n
i=1 wi. For k, ℓ ≥ 0 let ιℓ,k : {1, . . . , ℓk} → {1, . . . , k} be the function such that
ιℓ,k(i + jk) = i for i = 1, . . . , k, in other words ιℓ,k wraps the domain around
the codomain ℓ times. Now define the composition of
∏ℓ
i=1 wi ∈ Mor(k, ℓ) with∏m
i=1 vi ∈ Mor(ℓ,m) to be
∏m
i=1 vi ◦
∏ℓ
i=1 wi :=
∏m
i=1 γ(vi, w1, . . . , wℓ)ιℓ,k . This
composition is associative because γ is associative and equivariant.
Let fi : {1} → {1, . . . , n} be the map fi(1) = i. Define pri := 1fi ∈ T (n) where
1 ∈ T (1) is the distinguished element whose existence we assumed. This notation
is slightly imprecise because we have different sequences pr1, . . . , prn for different
n ≥ 0. From the context it will always be clear which sequence of morphisms is
meant. We claim that
∏n
i=1 pri ∈ Mor(n, n) is the identity on the object n. Let
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∏m
i=1 wi ∈Mor(n,m). Then
m∏
i=1
wi ◦
n∏
i=1
pri =
m∏
i=1
γ(wi, pr1, . . . , prn)ιn,n
=
m∏
i=1
γ(wi, 1f1 , . . . , 1fn)ιn,n
=
m∏
i=1
(γ(wi, 1, . . . , 1)f1+···+fn)ιn,n by equivariance
=
m∏
i=1
γ(wi, 1, . . . , 1)ιn,n◦(f1+···+fn) by functoriality of T
=
m∏
i=1
wi since γ is unital, ιn,n ◦ (f1 + · · ·+ fn) = idn,
and functoriality of T .
Now for the other side let
∏n
i=1 wi ∈Mor(m,n). Then
n∏
i=1
pri ◦
n∏
i=1
wi =
n∏
i=1
γ(pri, w1, . . . , wn)ιn,m by definition
=
n∏
i=1
γ(1fi , w1, . . . , wn)ιn,m by definition
=
n∏
i=1
(γ(1, wi)f¯i)ιn,m by equivariance
=
n∏
i=1
(wi)ιn,m◦f¯i by unitality of γ and functoriality of T
=
n∏
i=1
wi since ιn,m ◦ f¯i = idm.
This can be seen by observing that f¯i : {1, . . . ,m} → {1, . . . , nm} has the form(
1 2 . . . m
(i− 1)m+ 1 (i− 1)m+ 2 . . . (i− 1)m+m
)
and by using the definition of ιn,m. Thus
∏n
i=1 pri ∈ Mor(n, n) is the identity on
the object n.
Thus far we have shown that we have a category with objects 0, 1, 2, . . . and
morphisms Mor(m,n). We claim that n is the product of n copies of 1 in this
category with projections pr1, . . . , prn : n → 1 introduced above. First note for∏n
i=1 wi ∈Mor(m,n) we have
pri ◦
n∏
i=1
wi = γ(pri, w1, . . . , wn)ιn,m
= γ(1fi , w1, . . . , wn)ιn,m by definition
= γ(1, wi)ιn,m◦f¯i by equivariance and functoriality
= wi since ιn,m ◦ f¯i = idm and by functoriality.
6. THEORIES AND ALGEBRAS 47
Now suppose we are given morphisms w1, . . . , wn ∈Mor(m, 1). Then
n
pri // 1
m
∏n
j=1 wj
OO
wi
??~~~~~~~~~~~
commutes for all i = 1, . . . , n by the remark just made. If
∏n
i=1 vi ∈ Mor(m,n) is
another morphism such that
n
pri // 1
m
∏n
j=1 vj
OO
wi
??~~~~~~~~~~~
commutes for all i = 1, . . . , n, then by the remark vi = pri◦
∏n
j=1 vj = wi and hence∏n
j=1 vj =
∏n
j=1 wj and the factorizing map is unique. Hence n is the product of
n copies of 1.
We conclude that the functor T with the maps γ satisfying the axioms (1)
through (5) determines a theory with the indicated hom sets.
Theorem 6.10. A theory T is determined by either of the following equivalent
collections of data:
(1) A category T with objects 0, 1, 2, . . . such that n is the categorical product
of 1 with itself n times and each n is equipped with a choice of projections.
(2) A functor T : Γ → Sets equipped with maps γ : T (k) × T (n1) × · · · ×
T (nk) → T (n1 + · · ·+ nk) and a unit 1 ∈ T (1) which satisfy (1) through
(5) of Lemma 6.6.
Proof: In each description MorT (n, 1) is the same. By the universality of
products this determines the rest of the theory. The two processes of Lemmas 6.6
and 6.9 are “inverse” to one another by further inspection, provided we identify
MorT (m,n) with
∏n
i=1 T (m).
Definition 6.11. Let S and T be theories. In the categorical description of S
and T a morphism of theories Φ : S → T is a functor from the category S to the
category T such that Φ(nS) = nT and Φ(pri) = pri for all projections.
One easily sees that the theories form a category and we have a suitable forgetful
functor.
Theorem 6.12. The forgetful functor from the category of theories to
∏
n≥0 Sets
given by T 7→ (T (0), T (1), . . . ) admits a left adjoint called the free theory functor.
Proof: On page 56 we will construct the free theory on the sequence of sets
(T (0), T (1), . . . ).
To make later proofs easier, we need the following lemma.
Lemma 6.13. Let Φ : S → T be a morphism of theories.
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(1) Let f : {1, . . . , k} → {1, . . . , ℓ} be a function. As usual, f ′ : ℓ→ k denotes
the unique morphism in any theory such that
k
pri // 1
ℓ
f ′
OO
prfi
@@           
commutes. Then Φ(f ′) = f ′.
(2) Let f : {1, . . . , k} → {1, . . . , ℓ} be a function and w ∈ MorS(k, 1). Then
Φ(wf ) = Φ(w)f .
(3) Let w1, . . . , wn ∈MorS(m, 1). Then Φ(
∏n
j=1 wj) =
∏n
j=1 Φ(wj).
(4) Let wi ∈MorS(ni, 1) for i = 1, . . . , k. Then we also have Φ(w1, . . . , wk) =
(Φ(w1), . . . ,Φ(wk)).
Proof:
(1) The diagram
k
pri // 1
ℓ
Φ(f ′)
OO
prfi
@@           
commutes for all i = 1, . . . , k by the properties of Φ. Then Φ(f ′) = f ′ by
the universal property of the product.
(2) This follows from (1) and the definition wf = w ◦ f ′.
(3) The properties of Φ imply that the diagram
n
pri // 1
m
Φ(
∏n
j=1 wj)
OO
Φ(wi)
??~~~~~~~~~~~
commutes for all i = 1, . . . , n. Then Φ(
∏n
j=1 wj) =
∏n
j=1 Φ(wj) by the
universal property of the product.
(4) By (2) we have Φ((wi)ιi) = Φ(wi)ιi . Hence, the properties of Φ imply
that the diagram
k
pri // 1
n1 + n2 + · · ·+ nk
Φ(w1,...,wk)
OO
Φ(wi)ιi
88rrrrrrrrrrrrrrrr
commutes for all i = 1, . . . , k. Then Φ(w1, . . . , wk) = (Φ(w1), . . . ,Φ(wk))
by the universal property of the product.
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Just as a theory has a categorical description and a functorial description, a
morphism of theories also has a second description. We work towards the second
description in the following two lemmas.
Lemma 6.14. Let Φ : S → T be a morphism of theories, i.e. a functor such
that Φ(nS) = nT and Φ(pri) = pri for all projections. Then Φ determines a natural
transformation S ⇒ T also denoted by Φ such that
S(k)× S(n1)× · · · × S(nk)
Φk×Φn1×···×Φnk //
γS

T (k)× T (n1)× · · · × T (nk)
γT

S(n1 + · · ·+ nk)
Φn1+···+nk
// T (n1 + · · ·+ nk)
commutes and Φ1(1S) = 1T , where S, T : Γ→ Sets are the functors in the functo-
rial description of the theories S and T .
Proof: Let Φm : MorS(m, 1) → MorT (m, 1) denote the map obtained from
the functor Φ, i.e. Φm(w) := Φ(w) for w ∈ S(m). Then for f : m → n in Γ and
w ∈ S(m), we have Φ(wf ) = Φ(w)f by Lemma 6.13. Hence
S(m)
Φm //
S(f)

T (m)
T (f)

S(n)
Φn
// T (n)
commutes and m 7→ Φm is natural.
Let w ∈ S(k) and wi ∈ S(ni) for i = 1, . . . , k. Then
Φn1+···+nk(γ
S(w,w1, . . . , wk)) = Φ(w ◦ (w1, . . . , wk))
= Φ(w) ◦ (Φ(w1), . . . ,Φ(wk))
= γT (Φ(w),Φ(w1), . . . ,Φ(wk))
= γT (Φk(w),Φn1 (w1), . . . ,Φnk(wk)).
Hence the natural transformation m 7→ Φm preserves the γ’s.
Let 1S ∈ S(1) and 1T ∈ T (1) be the units in the respective theories. Then
Φ1(1S) = 1T because the functor Φ preserves projections.
Thus Φ : S ⇒ T is a natural transformation which preserves the compositions
and the units.
Lemma 6.15. Let S, T : Γ → Sets be theories. Let Φ : S ⇒ T be a natural
transformation preserving the γ’s and their units as in Lemma 6.14.Then Φ de-
termines a functor S → T also denoted Φ, where S and T are the categories in
the categorical description of the theories S, T : Γ → Sets. Moreover, the functor
Φ : S → T satisfies Φ(nS) = nT and Φ(pri) = pri for all projections.
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Proof: We define Φ(nS) = nT for all nS ∈ Obj S and Φ(
∏ℓ
j=1 wj) :=∏ℓ
j=1 Φk(wj) for all
∏ℓ
j=1 wj ∈ MorS(k, ℓ). Then for
∏m
i=1 vi ∈ MorS(ℓ,m) we
have
Φ(
m∏
i=1
vi ◦
ℓ∏
j=1
wj) = Φ(
m∏
i=1
γ(vi, w1, . . . , wℓ)ιℓ,k) from Lemma 6.9
=
m∏
i=1
γ(Φℓ(vi),Φk(w1), . . . ,Φk(wℓ))ιℓ,k
=
m∏
i=1
Φℓ(vj) ◦
ℓ∏
j=1
Φk(wj)
= Φ(
m∏
i=1
vi) ◦ Φ(
ℓ∏
j=1
wj).
Hence Φ preserves compositions.
We claim that Φ preserves projections. Let fi : {1} → {1, . . . , n} be the map
fi(1) = i. Then (1S)fi = pri and
Φ(pri) = Φn((1S)f1)
= Φn(1S)fi by naturality
= (1T )fi since Φ preserves the unit
= pri.
Hence Φ preserves projections.
We claim that Φ preserves identities. Recall that
∏n
j=1 prj : n → n is the
identity on the object n of the category S. Then
Φ(
n∏
j=1
prj) =
n∏
j=1
Φ(prj) by definition
=
n∏
j=1
prj because Φ preserves projections.
Thus Φ preserves identities and is a functor S → T .
Combining these two lemmas gives us the two descriptions of a morphism of
theories in the following theorem.
Theorem 6.16. Let S and T be theories. Then a morphism S → T of theories
is given by either of the following equivalent collections of data:
(1) A functor Φ : S → T such that Φ(nS) = nT for all nS ∈ Obj S and
Φ(pri) = pri for all projections.
(2) A natural transformation Φ : S ⇒ T of the functors S, T : Γ → Sets
which preserves the γ’s and the units.
Proof: The processes of the previous two lemmas are “inverse” to each other
by inspection.
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Theorem 6.17. The category of theories with objects and morphisms as in (1)
of Theorems 6.10 and 6.16 is equivalent to the category with objects and morphisms
as in (2) of Theorems 6.10 and 6.16.
Proof: This relies on the bijection MorT (m,n) ∼=
∏n
j=1MorT (m, 1).
The concept of an algebra is closely related to the concept of theories. Roughly
speaking, an algebra over a theory is a category together with a rule that assigns
an n-ary operation on X to every word of the theory of arity n in such way that
compositions, substitutions, and identity 1 are preserved.
Definition 6.18. Let X be a category and T a theory. Then X is a T -algebra
if it is equipped with a morphism of theories T → End(X), where End(X) is the
theory in Example 6.4. We also say X is an algebra over the theory T .
Notice that ifX is a set viewed as a discrete category, this is the usual definition
of an algebra over a theory. Note also that we have two versions of T -algebra, one
is given by the categorical description of theories and the other by the functorial
description. A familiar example of an algebra is a group, since a group is an algebra
over the theory of groups as follows.
Example 6.19. Let T be the theory of groups, i.e. there are morphisms e ∈
T (0), ν ∈ T (1), and µ ∈ T (2) which satisfy the usual group axioms. The theory
T is the smallest theory containing such e, ν, µ. A set X is a group if there is a
morphism of theories T → End(X). This means we have realizations of e, ν, and µ
on X .
Definition 6.20. Let X and Y be T -algebras. Then a functor H : X → Y is
a morphism of T -algebras in the categorical description if
MorT (m,n) //

MorEnd(X)(m,n)
H×n◦

MorEnd(Y )(m,n)
◦H×m
// Functors(Xm, Y n)
commutes for all m and n. A functor H : X → Y is a morphism of T -algebras in
the functorial description if
T (m) //

End(X)(m)
H◦

End(Y )(m)
H×m
// Functors(X × · · · ×X,Y )
commutes for all m.
Example 6.21. Let T be the theory of groups and let X and Y be groups.
Then a set map H : X → Y is a morphism of T -algebras if and only if it is a group
homomorphism.
Theorem 6.22. The category of categorical T -algebras is equivalent to the cat-
egory of functorial T -algebras.
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Proof: The proof is similar to Theorem 6.17.
Let T be any theory. It is well known that T -algebras are algebras for a
monad C, which depends on T . See for example [39] or [44]. We now present
a version of this in preparation for the 2-monad whose strict algebras are pseudo
T -algebras. Let Cat0 denote the 1-category of small categories. We define a functor
C : Cat0 → Cat0 as follows. For a small category X , set
Obj CX :=
(
⋃
n≥0(T (n)×Obj X
n))
Γ
where the quotient by Γ means to mod out by the smallest congruence satisfying
(wf , x1, . . . , xn) ∼ (w, xf1, . . . , xfm) for all m ∈ N0, w ∈ T (m), and maps f :
m = {1, . . . ,m} → {1, . . . , n} = n. To define the morphisms of CX we note that⋃
n≥0(T (n)×X
n) is a category if we interpret T (n) as a discrete category for each
n. Consider the directed graph with objects Obj CX and arrows from [a] to [b]
given by the union ⋃
Mor∪n≥0(T (n)×Xn)(a
′, b′)
over all a′ ∼ a and b′ ∼ b. Next we take the free category on this directed graph
and mod out by the relations of
⋃
n≥0(T (n)×X
n) and the relations
(iwf , g1, . . . , gn) = (iw, gf1, . . . , gfm).
This quotient category is CX . We define C on functors X → Y analogously. Then
C : Cat0 → Cat0 is a functor because each step in the construction is functorial.
Next we define a natural transformation η : 1Cat0 ⇒ C by ηX(x) := [1, x] for
x ∈ Obj X and ηX(g) := [i1, g] for a morphism g in X . We also define a natural
transformation µ : C2 ⇒ C by
µX([w, [v
1, x11, . . . , x
1
j1
], [v2, x21, . . . , x
2
j2
], . . . , [vk, xk1 , . . . , x
k
jk
]]) :=
[γ(w, v1, v2, . . . , vk), x11, . . . , x
k
jk
]
for w ∈ T (k), vi ∈ T (ji), and (xi1, . . . , x
i
ji
) ∈ Xji for i = 1, . . . , k. On morphisms
we define it to be
µX([iw, [iv1 , g
1
1 , . . . , g
1
j1
], [iv2 , g
2
1 , . . . , g
2
j2
], . . . , [ivk , g
k
1 , . . . , g
k
jk
]]) :=
[iγ(w,v1,v2,...,vk), g
1
1 , . . . , g
k
jk
].
These assignments make µX : C
2X → CX into a well defined functor because of
the equivariances of γ. These natural transformations commute appropriately to
make C into a monad on the category Cat0.
Theorem 6.23. The category of C-algebras is equivalent to the category of
T -algebras.
Proof: Let CC and CT denote the categories of C-algebras and T -algebras
respectively. We construct a functor φ : CT → CC . Let (X,Φ) be a T -algebra.
Then Φn : T (n) → Functors(Xn, X) is a sequence of maps that is natural in
n, preserves identity 1 ∈ T (1), and preserves compositions γ. This sequence of
maps completely describes the algebraic structure. Let h′ denote the element of
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Functors(
⋃
n≥0(T (n)×X
n), X) that corresponds to the sequence under the bijec-
tion
(6.1) Functors(
⋃
n≥0
(T (n)×Xn), X)↔
∏
n≥0
Functors(T (n), XX
n
).
Then
h′(wf , x1, . . . , xn) = h
′(w, xf1, . . . , xfm)
h′(iwf , g1, . . . , gn) = h
′(iw, gf1, . . . , gfm)
because
T (m)
Φm //
()f

Functors(Xm, X)
()f

T (n)
Φn
// Functors(Xn, X)
commutes. Hence h′ :
⋃
n≥0(T (n) × X
n) → X induces a functor h : CX → X ,
namely
[w, x1, . . . , xm] 7→ Φm(w)(x1 , . . . xm)
[iw, g1, . . . , gm] 7→ Φm(iw)(y1, . . . , ym) ◦ Φm(w)(g1, . . . , gm)
= Φm(w)(g1, . . . , gm)
for gi : xi → yi. Then h : CX → X makesX into a C-algebra because the diagrams
C2X
µX

Ch // CX
h

X
ηX //
1X
!!B
BB
BB
BB
BB
BB
CX
h

CX
h
// X X
commute.
We define φ((X,Φ)) := (X,h). For a morphism H : (X,Φ) → (Y,Ψ) of T -
algebras, let φ(H) : X → Y be the same functor as H on the underlying categories.
Then
CX
hX //
Cφ(H)

X
φ(H)

CY
hY
// Y
commutes. Then φ : CT → CC is obviously a functor.
An “inverse” to φ can easily be constructed using the bijection (6.1). For
example, let (X,h) be a C-algebra. Then h : CX → X corresponds uniquely to a
functor h′ :
⋃
n≥0(T (n)×X
n)→ X which satisfies
h′(wf , x1, . . . , xn) = h
′(w, xf1, . . . , xfm)
h′(iwf , g1, . . . , gn) = h
′(w, gf1, . . . , gfm)
and h′ corresponds uniquely to some sequence Φn natural in n which preserves 1
and γ.
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The equivalence of Theorem 6.22 yields the desired result.
The concept of theory can be generalized to handle algebraic structures on
more than one set, such as modules.
Definition 6.24. A theory on a set of objects J , also called a many-sorted
theory, is a category T whose objects are finite sequences (jm11 , . . . , j
mp
p ) with
j1, . . . , jp ∈ J, p ≥ 1, and m1, . . . ,mp ∈ N0 such that (j
m1
1 , . . . , j
mp
p ) is a prod-
uct of copies of j ∈ J where each j appears
∑
r:jr=j
mr times. Each sequence
is equipped with a limiting cone. Objects are equal to their reduced form, e.g.
(jm1 , jm2) = (jm1+m2). We also abbreviate (j1) = j.
Example 6.25. An ordinary theory is a theory on one object, i.e. on the set
{1}. We previously used n to denote 1n in the new notation.
Example 6.26. Let X1 and X2 be categories. Then the endomorphism theory
End(Xj : j ∈ J) on X1 and X2 is an example of a theory on the set J = {1, 2}.
The morphisms are
MorEnd(Xj :j∈J)((j
m1
1 , . . . , j
mp
p ), (k
n1
1 , . . . , k
nq
q )) :=
Functors(Xm1j1 × · · · ×X
mp
jp
, Xn1k1 × · · · ×X
nq
kq
)
for jr, ks ∈ {1, 2} and mr, ns ∈ N0. We easily see that 10 and 20 as well as (10, 20)
and (20, 10) are terminal objects and that (jm11 , . . . , j
mp
p ) is a product of
∑
r:jr=1
mr
copies of 1 and
∑
r:jr=2
mr copies of 2 equipped with the usual projections. Note
also that there is a bijective correspondence.
MorEnd(Xj :j∈J)((j
m1
1 , . . . , j
mp
p ), (k
n1
1 , . . . , k
nq
q ))
l
∏
r:kr=1
MorEnd(Xj :j∈J)((j
m1
1 , . . . , j
mp
p ), 1)
×nr ×
∏
s:ks=2
MorEnd(Xj :j∈J)((j
m1
1 , . . . , j
mp
p ), 2)
×ns
In other words, the theory is determined by the sets
MorEnd(Xj :j∈J)((j
m1
1 , . . . , j
mp
p ), 1) =: End(Xj : j ∈ J)1(j
m1
1 , . . . , j
mp
p )
MorEnd(Xj :j∈J)((j
m1
1 , . . . , j
mp
p ), 2) =: End(Xj : j ∈ J)2(j
m1
1 , . . . , j
mp
p )
where j1, . . . , jp ∈ {1, 2} and m1, . . . ,mp ∈ N0 such that jr 6= jr+1 for all 1 ≤ r ≤
p− 1.
Note also that for n1, . . . , nq ∈ N0 and k1, . . . , kq ∈ J and maps
f :
∑
r:jr=1
mr →
∑
r:kr=1
nr
g :
∑
s:js=2
ms →
∑
s:ks=2
ns
in Γ we have substitution maps
End(Xj : j ∈ J)1(j
m1
1 , . . . , j
mp
p )
()f,g //End(Xj : j ∈ J)1(k
n1
1 , . . . , k
nq
q )
End(Xj : j ∈ J)2(j
m1
1 , . . . , j
mp
p )
()f,g //End(Xj : j ∈ J)2(k
n1
1 , . . . , k
nq
q ) .
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For example, let w ∈ End(Xj : j ∈ J)1(12, 22, 11, 22) and
f :=
(
1 2 3
1 1 1
)
, g :=
(
1 2 3 4
1 2 2 1
)
,
where (kn11 , k
n2
2 ) = (1
1, 22) so that
f : 3→ 1, g : 4→ 2.
Then wf,g ∈ End(Xj : j ∈ J)1(11, 22) is defined by
wf,g(x
1
1, x
2
1, x
2
2) := w(x
1
f1, x
1
f2, x
2
g1, x
2
g2, x
1
f3, x
2
g3, x
2
g4)
= w(x11, x
1
1, x
2
1, x
2
2, x
1
1, x
2
2, x
2
1).
The notation ()f,g suppresses the dependence of the map ()f,g on (j
m1
1 , . . . , j
mp
p )
and (kn11 , . . . , k
nq
q ).
There are also two compositions γ1 and γ2. For example
γ1 : End(Xj : j ∈ J)1(1
2, 22)× End(Xj : j ∈ J)1(n¯1)× End(Xj : j ∈ J)1(n¯2)×
×End(Xj : j ∈ J)2(n¯3)×End(Xj : j ∈ J)2(n¯4)→ End(Xj : j ∈ J)1(n¯1 · n¯2 · n¯3 · n¯4)
and
γ2 : End(Xj : j ∈ J)2(2
3, 11)× End(Xj : j ∈ J)2(n¯1)× End(Xj : j ∈ J)2(n¯2)×
×End(Xj : j ∈ J)2(n¯3)×End(Xj : j ∈ J)1(n¯4)→ End(Xj : j ∈ J)2(n¯1 · n¯2 · n¯3 · n¯4)
where n¯1 · n¯2 · n¯3 · n¯4 means to concatenate the objects n¯1, . . . , n¯4 and to reduce,
e.g. (11, 22) · (23, 12) = (11, 25, 12).
There are also units 11 ∈ End(Xj : j ∈ J)1(1) and 12 ∈ End(Xj : j ∈ J)2(2).
The compositions are associative, unital, and equivariant. The substitution is
also functorial. This example easily extends to arbitrary J .
Definition 6.27. Let ΓJ denote the category whose objects are finite sequences
(jm11 , . . . , j
mp
p ) with j1, . . . , jp ∈ J, p ≥ 1, and m1, . . . ,mp ∈ N0. Objects are equal
to their reduced form, e.g. (jm1 , jm2) = (jm1+m2). We also abbreviate (j1) = j.
The morphisms are
MorΓJ ((j
m1
1 , . . . , j
mp
p ), (k
n1
1 , . . . , k
nq
q )) :=
∏
ℓ∈J
MorΓ(
∑
r:jr=ℓ
mr,
∑
s:ks=ℓ
ns)
where Γ denotes the category in Definition 6.7.
In this definition the hom sets are assumed to be disjoint.
Several of the results on theories carry over to these generalized theories on a
set of objects.
Theorem 6.28. A theory T on a set of objects J is equivalent to a collection
of functors {Tj : ΓJ → Sets|j ∈ J} equipped with compositions
γj : Tj(j
k1
1 , . . . , j
kp
p )×Tj1(n¯
1
1)× · · · ×Tj1(n¯
1
k1
)×
×Tj2(n¯
2
1)× · · · ×Tj2(n¯
2
k2
)×
· · ·
×Tjp(n¯
p
1)× · · · ×Tjp(n¯
p
kp
)→ Tj(n¯
1
1 · · · n¯
1
k1
· n¯21 · · · n¯
2
k2
· · · n¯p1 · · · n¯
p
kp
)
for each j ∈ J and (jk11 , . . . , j
kp
p ), n¯11, . . . , n¯
p
kp
∈ Obj ΓJ and equipped with units
1j ∈ Tj(j) for each j ∈ J which satisfy analogues of (1) through (5) in Lemma 6.6.
Elements of Tj(n¯) are called words.
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Proof: Set Tj(n¯) := MorT(n¯, j) and proceed like in the case of a theory on
the set {1}.
Example 6.29. The theory R of theories is a theory on the set N0. There are
three types of generating morphisms.
• For each k ≥ 1 and n1, . . . , nk ≥ 0 there is a morphism γ : (k, n1, . . . , nk)→
(n1 + · · ·+ nk) called composition.
• For each f : m → n in Γ there is a morphism ()f : (m) → (n) called
substitution.
• There is a morphism 1 : (10)→ (11) called the unit.
The substitution and unit are not to be confused with the substitution and units
with which every theory on a set of objects is equipped. These morphisms must
satisfy the relations of theories in Lemma 6.6, namely associativity, equivariances,
unitality, and functoriality.
Next we can speak of morphisms of theories on the set J as well as algebras
for theories on the set J just as in the case J = {1}.
Definition 6.30. A morphism of theories on a set J is a functor Φ : S → T
such that Φ(jm11 , . . . , j
mp
p ) = (j
m1
1 , . . . , j
mp
p ) and Φ(pr) = pr for every projection.
Theorem 6.31. The analogue of Theorem 6.17 holds for theories on a set of
objects J .
Definition 6.32. Let T be a theory on the set J and {Xj |j ∈ J} a collection of
categories. Then {Xj}j form an algebra over T or a T-algebra if they are equipped
with a morphism Φ : T → End(Xj : j ∈ J) of theories on J .
Example 6.33. Let R denote the theory of theories. Let T be a theory. Then
{T (j)|j ∈ N0} form an R-algebra. In other words, a theory is an algebra over the
theory of theories. A morphism of theories is nothing more than a morphism of
algebras over the theory of theories.
Theorem 6.34. The analogue of Theorem 6.22 holds for a theory T on a set
of objects.
We can use the theory R of theories to construct a monad C on the category∏
n≥0 Sets whose algebras are the usual theories. In fact, CT is the sequence of
sets underlying the free theory on T . This free theory is essential to several of the
proofs in this paper. Let T = (T (n))n≥0 be an object of
∏
n≥0 Sets and J := N0.
Then the free theory on T is defined by
CT (n) :=
⋃
m¯∈Obj ΓJ
Rn(m¯)× T (j1)×m1 × · · · × T (jp)×mp
ΓJ
where m¯ = (jm11 , . . . , j
mp
p ).
We can generalize the notion of theory in yet another direction. Instead of
considering arbitrary sets J , we can consider theories which are also 2-categories in
which every 2-cell is iso. We will use these to describe pseudo algebras in a compact
way. See [44] for a more general concept of enriched Lawvere theory.
Definition 6.35. A theory enriched in groupoids is a 2-category T with iso
2-cells and with objects 0, 1, 2, . . . such that n is the 2-product of 1 with itself n
times in the 2-category T and each n is equipped with a limiting 2-cone.
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This definition means for each n ∈ Obj T we have chosen morphisms πni =
pri : n→ 1 for i = 1, . . . , n with the universal property that
MorT (m,n)
πn◦ //2− Cone(m,F )
is an isomorphism for all m ∈ Obj T , where F : {1, . . . , n} → T is the 2-functor
which is constant 1. It is tempting to call such a theory a 2-theory, but we reserve
that name for something else. As before, we use the notation T (n) for the category
MorT (n, 1). Using the universal property, we can construct
∏
and (. . . ) for the 2-
cells. For any objectm ∈ Obj T , morphisms wi, vi : m→ 1, and 2-cells αi : wi ⇒ vi
for i = 1, . . . , n, there exists a unique 2-cell
∏n
j=1 αj :
∏n
j=1 wj ⇒
∏n
j=1 vj such
that
ipri ∗
n∏
j=1
αj = αi
for all i = 1, . . . n. For any k ∈ N0, any morphisms wi, vi : ni → 1, and any 2-cells
αi : wi ⇒ vi for i = 1, . . . , k, there is a unique 2-cell (α1, . . . , αk) : (w1, . . . , wk)⇒
(v1, . . . , vk) such that
ipri ∗ (α1, . . . , αk) = (αi)ιi
for all i = 1, . . . , k.
Example 6.36. Let X be a category. Then the endomorphism theory End(X)
enriched in groupoids has objects 0, 1, 2, . . . , morphisms Obj MorEnd(X)(m,n) =
Functors(Xm, Xn) and 2-cells the natural isomorphisms.
Most of the work on theories carries over to the enriched context with minor
additions for the 2-cells. The statements of the relevant theorems are as follows.
The term map is simply replaced by functor.
Lemma 6.37. Let T be a theory enriched in groupoids. Then the morphism
category MorT (m,n) is isomorphic to the product category
∏n
j=1MorT (m, 1).
Lemma 6.38. Let T be a theory enriched in groupoids. Then for all k, n1, . . . , nk
∈ {0, 1, . . .} there is a functor γ : T (k)×T (n1)×· · ·×T (nk)→ T (n1+· · ·+nk) called
composition and for every function f : {1, . . . , k} → {1, . . . , ℓ} there is a functor
T (k)
()f //T (ℓ) called substitution. These functors satisfy the enriched analogues
of (1) through (5) in Lemma 6.6.
Proof: Define γ(w,w1, . . . , wk) := w ◦ (w1, . . . , wk) as before. Additionally,
define γ(α, α1, . . . , αk) := α ∗ (α1, . . . , αk) for 2-cells. Define wf := w ◦ f ′ as before
and αf := α ∗ if ′ where if ′ : f ′ ⇒ f ′ is the identity 2-cell of the morphism f ′ in T
and α : w⇒ v is a 2-cell. The rest of proof is similar to Lemma 6.6.
Lemma 6.39. Let T be a 2-functor from Γ to the 2-category Cat of small
categories equipped with functors γ : T (k)×T (n1)×· · ·×T (nk)→ T (n1+ · · ·+nk)
and an object 1 ∈ T (1) which satisfy (1) through (5) of Lemma 6.6 where ()f :=
T (f) for functions f : k → ℓ. Then T determines a theory enriched in groupoids
with Mor(n, 1) = T (n) for all n ≥ 0.
Theorem 6.40. A theory T enriched in groupoids is determined by either of
the following equivalent collections of data:
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(1) A 2-category T with objects 0, 1, 2, . . . such that n is the 2-categorical
product of 1 with itself n times and each n is equipped with a limiting
2-cone.
(2) A 2-functor T : Γ→ Cat equipped with functors γ : T (k)×T (n1)× · · · ×
T (nk)→ T (n1 + · · ·+ nk) and a unit 1 ∈ T (1) which satisfy (1) through
(5) of Lemma 6.6.
Proof: In each description MorT (n, 1) is the same. By the universality of
2-products this determines the rest of the theory.
Definition 6.41. Let S and T be theories enriched in groupoids. In the 2-
categorical description of S and T a morphism of theories enriched in groupoids
Φ : S → T is a 2-functor from the 2-category S to the 2-category T such that
Φ(nS) = nT and Φ(pri) = pri for all projections.
The analogue for Lemma 6.13 incorporates the 2-cells below.
Lemma 6.42. Let Φ : S → T be a morphism of theories enriched in groupoids.
(1) Let f : {1, . . . , k} → {1, . . . , ℓ} be a function. As usual, f ′ : ℓ→ k denotes
the unique morphism in any theory such that
k
pri // 1
ℓ
f ′
OO
prfi
@@           
commutes. Then Φ(f ′) = f ′.
(2) Let f : {1, . . . , k} → {1, . . . , ℓ} be a function and w ∈ MorS(k, 1). Then
Φ(wf ) = Φ(w)f .
(3) Let wj , vj ∈ MorS(m, 1) and αj : wj ⇒ vj for j = 1, . . . , n. Then
Φ(
∏n
j=1 wj) =
∏n
j=1 Φ(wj) and Φ(
∏n
j=1 αj) =
∏n
j=1 Φ(αj).
(4) Let wj , vj ∈MorS(nj , 1) for j = 1, . . . , k. Then we have Φ(w1, . . . , wk) =
(Φ(w1), . . . ,Φ(wk)) and Φ(α1, . . . , αk) = (Φ(α1), . . . ,Φ(αk)).
Theorem 6.43. Let S and T be theories enriched in groupoids. Then a mor-
phism S → T of theories enriched in groupoids is given by either of the following
equivalent collections of data:
(1) A 2-functor Φ : S → T such that Φ(nS) = nT for all nS ∈ Obj S and
Φ(pri) = pri for all projections
(2) A 2-natural transformation Φ : S ⇒ T of the 2-functors S, T : Γ → Cat
which preserves the γ’s and the units.
Theorem 6.44. The 2-category of theories enriched in groupoids with objects
and morphisms as in (1) of Theorems 6.40 and 6.43 is 2-equivalent to the 2-category
with objects and morphisms as in (2) of Theorems 6.40 and 6.43.
We can now define algebras over theories enriched in groupoids in analogy to
algebras over theories.
Definition 6.45. Let X be a category and T a theory enriched over groupoids.
Then X is a T -algebra if it is equipped with a morphism of theories T → End(X)
enriched in groupoids. We also say X is an algebra over the theory T .
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Our main example, pseudo T -algebras, will be given in the next chapter as
strict T -algebras, where T is obtained from the free theory on T .
Theorem 6.46. The analogue of Theorem 6.22 holds for theories enriched in
groupoids.
CHAPTER 7
Pseudo T -Algebras
In this chapter we introduce the 2-category of pseudo T -algebras for a theory
T . A pseudo algebra in this paper is the same thing as a lax algebra in [25], [26],
and [27]. We construct from T a theory T enriched in groupoids and show that a
pseudo algebra over T is the same thing as an algebra over T . Theorem 7.14 says
that the 2-category of pseudo T -algebras and pseudo morphisms is 2-equivalent
to the 2-category of strict C-algebras with pseudo morphisms for the 2-monad C
defined on page 70. This 2-category of strict C-algebras and pseudo morphisms
admits pseudo limits by a result of Blackwell, Kelly, and Power in [9]. Hence the
2-category of pseudo T -algebras admits pseudo limits. In the next chapter we give a
concrete construction of a pseudo limit. For more on pseudo algebras over 2-monads
see [24], [32], and [33].
Definition 7.1. Let T be a theory. A category X is a pseudo T -algebra
or a pseudo algebra over T if it is equipped with structure maps Φn : T (n) →
Functors(Xn, X) for every n ∈ N as well as the coherence isomorphisms below.
Moreover, the coherence isomorphisms are required to satisfy the coherence dia-
grams below. We write simply Φ for all Φn. The coherence isomorphisms are
indexed by the operations of theories and are as follows:
(1) For every k ∈ N, w ∈ T (k), and all words w1, . . . , wk, there is a natural iso-
morphism cw,w1,...,wk : Φ(γ(w,w1, . . . , wk))⇒ γ(Φ(w),Φ(w1), . . . ,Φ(wk)).
This means that Φ preserves composition up to a natural isomorphism.
(2) There is a natural isomorphism I : Φ(1) ⇒ 1X where 1 is the identity
word and 1X is the identity functor X → X . This means that Φ preserves
the identity up to a natural isomorphism.
(3) For every word w ∈ T (m) and function f : {1, . . . ,m} → {1, . . . , n}, there
is a natural isomorphism sw,f : Φ(wf ) ⇒ Φ(w)f where the substituted
functor Φ(w)f : X
n → X is defined in Examples and 6.3 and 6.4. This
means that Φ preserves the substitution up to a natural isomorphism.
The coherence diagrams are indexed by relations of theories and are as follows. The
commutivity of these diagrams means that they commute when evaluated on every
tuple of objects of X of appropriate length.
(1) The composition coherence isomorphisms are associative. For example,
for u, v, w ∈ T (1) the diagram below must commute where iF means the
identity natural transformation F → F for a functor F .
61
62 7. PSEUDO T -ALGEBRAS
Φ(γ(w, γ(v, u))) = Φ(γ(γ(w, v), u))
cγ(w,v),u +3
cw,γ(v,u)

γ(Φ(γ(w, v)),Φ(u))
γ(cw,v ,iΦ(u))

γ(Φ(w),Φ(γ(v, u)))
γ(iΦ(w),cv,u)
+3 γ(Φ(w), γ(Φ(v),Φ(u))) = γ(γ(Φ(w),Φ(v)),Φ(u))
(2) The natural isomorphism for the identity word commutes with the natural
isomorphism for the composition, i.e. for every n ∈ N and every word
w ∈ T (n) the diagram below must commute where 1X is the identity
functor on X .
Φ(γ(w, 1, . . . , 1))
cw,1,...,1

Φ(w)
γ(Φ(w),Φ(1), . . . ,Φ(1))
γ(iΦ(w),I,...,I)
+3 γ(Φ(w), 1X , . . . , 1X)
(3) The natural isomorphism for the identity word commutes with the natural
isomorphism for the composition also in the sense that for every word
w ∈ T (n) the diagram below must commute.
Φ(γ(1, w))
c1,w

Φ(w)
γ(Φ(1),Φ(w))
γ(I,iΦ(w))
+3 γ(1X ,Φ(w))
(4) Let f : {1, . . . , k} → {1, . . . , ℓ} be a function and let
f¯ : {1, 2, . . . , nf1 + nf2 + · · · + nfk} → {1, 2, . . . , n1 + n2 + · · · + nℓ} be
the function that moves entire blocks according to f as in Example 6.3.
Then equivariance is preserved in the sense that the diagram below must
commute.
Φ(γ(w,wf1, . . . , wfk)f¯ )
sγ(w,wf1,...,wfk),f¯ +3 Φ(γ(w,wf1, . . . , wfk))f¯
(cw,wf1,...,wfk )f¯

Φ(γ(wf , w1, . . . , wℓ))
cwf ,w1,...,wℓ

γ(Φ(w),Φ(wf1),Φ(wfk))f¯
γ(Φ(wf ),Φ(w1), . . . ,Φ(wℓ))
γ(sw,f ,iΦ(w1)
,...,iΦ(wℓ)
)
+3 γ(Φ(w)f ,Φ(w1), . . . ,Φ(wℓ))
(5) Let gi : {1, . . . , ni} → {1, . . . , n′i} be functions and let
g1 + · · ·+ gk : {1, 2, . . . , n1 + · · ·+ nk} → {1, 2, . . . , n′1 + · · ·+ n
′
k} be the
function obtained by placing g1, . . . , gk next to each other from left to
right. Then equivariance is preserved in the sense that the diagram below
must commute.
7. PSEUDO T -ALGEBRAS 63
Φ(γ(w,w1, . . . , wk)g1+···+gk )
sγ(w,w1,...,wk),g1+···+gk +3 Φ(γ(w,w1, . . . , wk))g1+···+gk
(cw,w1,...,wk )g1+···+gk

Φ(γ(w, (w1)g1 , . . . , (wk)gk ))
cw,(w1)g1 ,...,(wk)gk

γ(Φ(w),Φ(w1), . . . ,Φ(wk))g1+···+gk
γ(Φ(w),Φ((w1)g1 ), . . . ,Φ((wk)gk ))
γ(iΦ(w),sw1,g1 ,...,swk,gk )
+3 γ(Φ(w),Φ(w1)g1 , . . . ,Φ(wk)gk )
(6) The substitution coherence isomorphisms are associative, i.e. for ev-
ery word w ∈ T (ℓ) and functions f : {1, . . . , ℓ} → {1, . . . ,m} and g :
{1, . . . ,m} → {1, . . . , n} we mimic the equality wg◦f = (wf )g by requiring
the diagram below to commute. Here (sw,f )g is the natural transforma-
tion which is defined for objects A1, . . . , An ofX by (sw,f )g(A1, . . . , An) =
sw,f(Ag1, . . . , Agm).
Φ((wf )g) = Φ(wg◦f )
sw,g◦f +3
s(wf ),g

Φ(w)g◦f
Φ(wf )g
(sw,f )g
+3 (Φ(w)f )g
(7) For all w ∈ T (k) and idk : {1, . . . , k} → {1, . . . , k} the natural transfor-
mation sw,idk is the identity.
Remark 7.2. One can compactly describe the concept of a pseudo algebra
as follows. A category X is a pseudo T -algebra if it is equipped with a pseudo
morphism of theories Φ : T → End(X). The assignment Φ is pseudo in the sense
that the requirements of Lemma 6.14 are only satisfied up to coherence isos, namely
the assignment preserves γ up to c, preserves the identity up I, and is natural up
to s as in the diagrams below and these coherence isos satisfy coherence diagrams.
T (k)× T (n1)× · · · × T (nk) //
Φ(k)×Φ(n1)×···×Φ(nk)
γT

End(X)(k)× End(X)(n1)× · · · × End(X)(nk)
γEnd(X)

T (n1 + · · ·+ nk)
Φ(n1+···+nk)
//
c
/7hhhhhhhhhhhhhhhhhhhhhhhhhhh
hhhhhhhhhhhhhhhhhhhhhhhhhhh
End(X)(n1 + · · ·+ nk)
X
Φ(1)(1T )

X
1X

X
I
:B
~~~~~~~~~~
X
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T (m)
Φ(m) //
T (f)

End(X)(m)
End(X)(f)

T (n)
Φ(n)
//
s−,f
4<qqqqqqqqqqqqqqq
qqqqqqqqqqqqqqq
End(X)(n)
Remark 7.3. It is possible to describe the general form of these coherence
diagrams. In general, a relation α ◦β = α′ ◦β′ in the theory of theories and a tuple
w¯ of words gives rise to a coherence diagram
Φ(α′ ◦ β′(w¯))
εα′(β
′(w¯)) +3 α′(Φ(β′(w¯)))
α′(εβ′ (w¯))

Φ(α ◦ β(w¯))
εα(β(w¯))

α′ ◦ β′(Φ(w¯))
α(Φ(β(w¯)))
α(εβ(w¯))
+3 α ◦ β(Φ(w¯))
where εα, εα′ , εβ, and εβ′ are the coherence isos associated to the morphisms α, α
′,
β, and β′ respectively in the theory of theories and Φ(w¯) denotes the tuple of words
obtained by applying Φ to each of the constituents of w¯. Note that εα, εα′ , εβ, and
εβ′ are tuples of the 2-cells c, I, s and identity 2-cells. In the definition of pseudo
algebra above, the morphisms β, β′ are tuples of generating morphisms in all cases
except in (4). In (4) the β′ is the result of applying a substitution morphism in the
theory of theories to γ. This substitution morphism can be written in terms of f
appropriately. In this case we have εβ′(w¯) = cw,wf1,...,wfk .
Definition 7.4. Let X and Y be pseudo T -algebras and H : X → Y a functor
between the underlying categories. Denote the structure maps ofX and Y by Φ and
Ψ respectively. For all n ∈ N and all w ∈ T (n) let ρw : H◦Φ(w)⇒ Ψ(w)◦(H, . . . ,H)
be a natural isomorphism. Then H is a pseudo morphism of pseudo T -algebras with
coherence iso 2-cells ρw (or just morphism of pseudo T -algebras for short) if the
following coherence diagrams of natural isomorphisms are satisfied.
(1) For all k ∈ N, w ∈ T (k), and all words w1, . . . , wk of T the diagram below
must commute.
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H ◦ Φ(w ◦ (w1, . . . , wk))
iH∗cw,w1,...,wk +3
ρw◦(w1,...,wk)

H ◦ Φ(w) ◦ (Φ(w1), . . . ,Φ(wk))
ρw∗i(Φ(w1),...,Φ(wk))

Ψ(w) ◦ (H, . . . ,H) ◦ (Φ(w1), . . . ,Φ(wk))
iΨ(w)∗(ρw1 ,...,ρwk )

Ψ(w ◦ (w1, . . . , wk)) ◦ (H, . . . ,H)
cw,w1,...,wk∗i(H,...,H)
+3 Ψ(w) ◦ (Ψ(w1), . . . ,Ψ(wk)) ◦ (H, . . . ,H)
(2) The diagram below must commute.
H ◦ Φ(1)
iH∗I +3
ρ1

H ◦ 1X
Ψ(1) ◦H
I∗iH
+3 1Y ◦H
(3) For every word w ∈ T (m) and every function f : {1, . . . ,m} → {1, . . . , n}
the diagram below must commute.
H ◦ Φ(wf )
iH∗sw,f +3
ρwf

H ◦ Φ(w)f
(ρw)f

Ψ(wf ) ◦ (H, . . . ,H)
sw,f∗i(H,...,H)
+3 Ψ(w)f ◦ (H, . . . ,H)
Example 7.5. Let T be the theory of commutative monoids and let FiniteSets
be the category of finite sets and bijections. Define A
∐
B := A×{1}∪B×{2} for
finite sets A and B. Define coproduct similarly for morphisms of finite sets. Then∐
: FiniteSets× FiniteSets → FiniteSets is a functor which makes FiniteSets
into a pseudo T -algebra, i.e. a pseudo commutative monoid. More generally, any
symmetric monoidal category is a pseudo T -algebra.
Example 7.6. Let T be the theory of commutative semi-rings. Then the
category of finite dimensional complex vector spaces is a pseudo T -algebra whose
structure is given by direct sum and tensor product. We also say this category is a
pseudo commutative semi-ring.
Definition 7.7. Let X,Y , and Z be pseudo T -algebras and G : X → Y,H :
Y → Z morphisms of pseudo T -algebras with coherence 2-cells ρGw and ρ
H
w respec-
tively. Then the composition H ◦G is the composition of the underlying functors .
It has the coherence 2-cells ρH◦Gw := (ρ
H
w ∗ i(G,...,G)) ⊙ (iH ∗ ρ
G
w) : H ◦G ◦ Φ(w) ⇒
Ψ(w) ◦ (H ◦ G, . . . ,H ◦ G) where Φ ad Ψ denote the structure maps of X and Z
respectively.
Lemma 7.8. The composition of morphisms of pseudo T -algebras is a morphism
of pseudo T -algebras.
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Proof: Immediate.
Definition 7.9. Let X and Y be pseudo T -algebras with structure maps Φ
and Ψ respectively. Let G,H : X → Y be morphisms of pseudo T -algebras. A
natural transformation α : G ⇒ H between the underlying functors is a 2-cell in
the 2-category of pseudo T -algebras if for all n ∈ N and all w ∈ T (n)
G ◦ Φ(w)
α∗iΦ(w) +3
ρGw

H ◦ Φ(w)
ρHw

Ψ(w) ◦ (G, . . . , G)
iΨ(w)∗(α,...,α)
+3 Ψ(w) ◦ (H, . . . ,H)
commutes. The vertical and horizontal compositions of the 2-cells are just the
vertical and horizontal composition of the underlying natural transformations.
Lemma 7.10. The small pseudo T -algebras with morphisms and 2-cells defined
above form a 2-category.
Proof: The axioms can be verified directly.
Next we work towards a description of pseudo T -algebras as strict algebras
over a 2-monad C by way of a theory T enriched in groupoids. As mentioned in
the last chapter, a pseudo T -algebra is the same thing as a strict T -algebra. This
was observed in [27]. We can see this as follows. Let T ′ denote the free theory
on the sequence of sets underlying T . Recall that T ′ was described in terms of
the sets T ′(n) for n ≥ 0 and the compositions, substitutions, and identities. From
this description, the hom sets are MorT ′(m,n) =
∏n
j=1 T
′(m). There is a map
of theories T ′ → T which gives the theory structure on T . Let the underlying
1-category of the 2-category T be T ′. For v, w ∈ T (n) = MorT (n, 1) we define
a unique iso 2-cell between v and w if v and w map to the same element of T (n)
under the map of theories T ′ → T . Otherwise there is no 2-cell between v and
w. With these definitions, the only 2-cell between w and w is the identity and the
vertical composition of 2-cells is uniquely defined. Thus T (n) is a category. Next
define MorT (m,n) to be the product category
∏n
j=1 T (m) for all m,n ∈ Obj T .
From this it follows that there is a unique iso 2-cell between v, w ∈MorT (m,n) if
they map to the same element ofMorT (m,n) and otherwise there is no 2-cell. This
uniquely defines the horizontal composition of 2-cells and T is a 2-category. From
the definitions it also follows easily that n is the 2-product of n copies of 1 in T .
Hence T is a theory enriched in groupoids. In [27] T is denoted (Th(T ), G(T )).
We introduce the notation c, I, s for some of these 2-cells, which breaks the
usual convention of labelling 2-cells by lowercase Greek letters. Let
cw,w1,...,wk : (()idn1+···+nk , γ(w,w1, . . . , wk))
+3(γ, w,w1, . . . , wk)
denote the unique 2-cell for w ∈ T (k), wi ∈ T (ni), i = 1, . . . , k. The γ on the right
is a generator of the theory of theories while the γ on the left is the composition in
the theory T . The map idn1+···+nk is the identity of the object n1+ · · ·+nk in the
category Γ of Definition 6.7. Let
I : (()id1 , 1) +3(1, ∗)
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where (()id1 , 1) ∈ R1(1) × T (1) and (1, ∗) ∈ R1(1
0) × T (1)0. Here R denotes the
theory of theories in Example 6.29. Let
sw,f : (()idn , wf ) +3(()f , w)
denote the unique 2-cell for w ∈ T (m) and f : m → n in Γ. We call these 2-cells
as well as identity 2-cells the elementary 2-cells. By the following inductive proof,
every other 2-cell in T can be obtained from these ones and their inverses.
Lemma 7.11. Let α be a word in the theory of theories, i.e. α ∈ Rn(m¯) for
some n ∈ N0, m¯ = (j
m1
1 , . . . , j
mp
p ), and m := m1 + · · ·+mp. Then the 2-cell
(()idn , α(v1, . . . , vm)) +3(α, v1, . . . , vm)
in T can be expressed as a vertical composition
σs ⊙ σs−1 ⊙ · · · ⊙ σ1
where each σr is the result of applying a morphism in R to a tuple of elementary
2-cells.
Proof: Let α = αi ◦ · · · ◦ α1 where α1, . . . , αi are tuples of generating mor-
phisms in the theory R of theories such that i is minimal. We induct on i. If i = 1,
then α is a generating morphism for R and the 2-cell
(()idn , α(v1, . . . , vm)) +3(α, v1, . . . , vm)
must be one of c, I, or s. Now let i ≥ 1 and suppose the Lemma holds for all words
that can be expressed with i terms or less. Suppose α ∈ Rn(m¯) has an expression
with i + 1 terms but not does not have an expression with fewer terms. Then
α = β ◦ (β1, . . . , βk) where β is a generating morphism for the theory of theories
and β1, . . . , βk are some words in the theory of theories, each with i1, . . . , ik ≤ i.
Then the 2-cells
ε1 : (()id, β1(v1, . . . )) +3(β1, v1, . . . )
ε2 : (()id, β2(. . . )) +3(β2, . . . )
...
εk : (()id, βk(. . . , vm)) +3(βk, . . . , vm)
can be obtained from elementary 2-cells in the prescribed manner by the induction
hypothesis. Here id is generically used to denote any identity morphism in Γ. Then
(()idn , α(v1, . . . , vm)) (()idn , β ◦ (β1, . . . , βk)(v1, . . . , vm))
e

(β, β1(w1, . . . ), β2(. . . ), . . . , βk(. . . , vm))
β(ε1,...,εk)

(β, (β1, . . . , βk)(v1, . . . , vm))
(β, (β1, w1, . . . ), (β2, . . . ), . . . , (βk, . . . , vm)) (β ◦ (β1, . . . , βk), v1, . . . , vm)
(α, v1, . . . , vm)
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is also a composition of the prescribed type, where e is an elementary 2-cell.
Lemma 7.12. Let α and β be words in the theory of theories. Suppose that
there is a 2-cell
(α, v1, . . . , vm1) +3(β,w1, . . . , wm2)
in T . Then this 2-cell is a vertical composition of 2-cells obtained from elementary
2-cells and their inverses by applying morphisms in the theory of theories.
Proof: From Lemma 7.11 we have 2-cells
(α, v1, . . . , vm1)KS
(β,w1, . . . , wm2)KS
(()id, α(v1, . . . , vm1)) (()id, β(w1, . . . , wm2))
of the prescribed type. We obtain the desired result by inverting the 2-cell on the
left.
Theorem 7.13. There is a bijection between the set of small pseudo T -algebras
and the set of small T -algebras.
Proof: Let (X,Φ) be a small pseudo T -algebra. Define a morphism Ψ : T →
End(X) of theories enriched in groupoids by the following sequence of functors
Ψn : T (n) → End(X)(n). For notational convenience, the subscript n is usually
left off below. For (α,w1, . . . , wℓ) ∈ T (n) define
Ψ(α,w1, . . . , wℓ) := α(Φ(w1), . . . ,Φ(wℓ)).
For elementary 2-cells, define
Ψ(cw,w1,...,wk) := cw,w1,...,wk
Ψ(I) := I
Ψ(sw,f) := sw,f
where the symbols on the right denote the coherence natural isomorphisms from
the pseudo T -algebra structure.
If α is a word in the theory of theories and ε1, . . . , εk are elementary 2-cells,
then
Ψ(α(ε1, . . . , εk)) := α(Ψ(ε1), . . . ,Ψ(εk)).
This is well defined, because if α(ε1, . . . , εk) = β(ε1, . . . , εk) with ε1, . . . , εk elemen-
tary, then α = β.
Consider the 2-cell
(()idn , α(v1, . . . , vm)) +3(α, v1, . . . , vm)
for some α ∈ Rn(m¯). By the above lemma, the word α can be expressed in the
form σs ⊙ · · · ⊙ σ1 where each σr is obtained from a tuple of elementary 2-cells by
applying a morphism in R. Define
Ψ(σs ⊙ · · · ⊙ σ1) := Ψ(σs)⊙ · · · ⊙Ψ(σ1)
where each Ψ(σr) is defined as in the previous paragraph. To see that this is well
defined, suppose σs ⊙ · · · ⊙ σ1 = σ′s′ ⊙ · · · ⊙ σ
′
1 where each σ
′
r′ is obtained from a
tuple of elementary 2-cells by applying a morphism in R. Such a sequence gives
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rise to an expression α = α′s′ ◦ · · · ◦ α
′
1 where α
′
1, . . . , α
′
s′ are tuples of generating
morphisms. Let α = αs ◦ · · · ◦ α1 be the expression that arose from σs ⊙ · · · ⊙ σ1.
It suffices to consider the case
α = α4 ◦ α3 ◦ α2 ◦ α1 = α4 ◦ α
′
3 ◦ α
′
2 ◦ α1
with α3 ◦ α2 = α′3 ◦ α
′
2 because α
′
s′ ◦ · · · ◦ α
′
1 can be obtained from αs ◦ · · · ◦ α1 by
a finite number of applications of the relations in the theory of theories. Then we
have the following diagram, whose vertical columns are Ψ(σ4 ⊙ σ3 ⊙ σ2 ⊙ σ1) and
Ψ(σ4 ⊙ σ′3 ⊙ σ
′
2 ⊙ σ1) respectively.
Φ(α4 ◦ α3 ◦ α2 ◦ α1(w¯))
ε4(α3◦α2◦α1(w¯))

Φ(α4 ◦ α′3 ◦ α
′
2 ◦ α1(w¯))
ε4(α
′
3◦α
′
2◦α1(w¯))

α4Φ(α3 ◦ α2 ◦ α1(w¯))
α4(ε3(α2◦α1(w¯)))

α4Φ(α
′
3 ◦ α
′
2 ◦ α1(w¯))
α4(ε
′
3(α
′
2◦α1(w¯)))

α4 ◦ α3Φ(α2 ◦ α1(w¯))
α4◦α3(ε2(α1(w¯)))

α4 ◦ α′3Φ(α
′
2 ◦ α1(w¯))
α4◦α
′
3(ε
′
2(α1(w¯)))

α4 ◦ α3 ◦ α2Φ(α1(w¯))
α4◦α3◦α2(ε1(w¯))

α4 ◦ α′3 ◦ α
′
2Φ(α1(w¯))
α4◦α
′
3◦α
′
2(ε1(w¯))

α4 ◦ α3 ◦ α2 ◦ α1Φ(w¯) α4 ◦ α′3 ◦ α
′
2 ◦ α1Φ(w¯)
Here εi denotes the tuple of elementary 2-cells needed to bring αi past Φ. The
inner square commutes because of the coherence diagrams. The top and bottom
squares commute because α3 ◦ α2 = α′3 ◦ α
′
2. Hence
Ψ(σ4 ⊙ σ3 ⊙ σ2 ⊙ σ1) = Ψ(σ4 ⊙ σ
′
3 ⊙ σ
′
2 ⊙ σ1)
and Ψ is well defined on any 2-cell of the form
(()idn , α(v1, . . . , vm)) +3(α, v1, . . . , vm) .
Next we must define Ψ on 2-cells of the form
(α, v1, . . . , vm1) +3(β,w1, . . . , wm2) .
According to Lemma 7.11 we have 2-cells
(α, v1, . . . , vm1)KS
µ
(β,w1, . . . , wm2)KS
ν
(()id, α(v1, . . . , vm1)) (()id, β(w1, . . . , wm2))
on which Ψ is already defined. Define
Ψ(ν ⊙ µ−1) := Ψ(ν)⊙Ψ(µ)−1.
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To see that this is well defined, suppose
σs ⊙ · · · ⊙ σ1 : (α, v1, . . . , vm1) +3(β,w1, . . . , wm2)
is another expression where each σr is obtained by applying a morphism in R to a
tuple of elementary 2-cells or their inverses. Then
Ψ(ν) =Ψ(σs ⊙ · · · ⊙ σ1 ⊙ µ)
Ψ(ν) =Ψ(σs ⊙ · · · ⊙ σ1)⊙Ψ(µ)
Ψ(ν)⊙Ψ(µ−1) =Ψ(σs ⊙ · · · ⊙ σ1)
Ψ(ν ⊙ µ−1) =Ψ(σs ⊙ · · · ⊙ σ1)
and Ψ is well defined on 2-cells.
By construction Ψn : T (n) → End(X)(n) is a functor and it preserves γ, ()g,
and (1, ∗) = 1. Hence X is a T -algebra with structure maps given by Ψ. This
procedure Φ 7→ Ψ defines a map
Pseudo T -Algebras→ T -Algebras.
Now we define a map
T -Algebras→ Pseudo T -Algebras.
Let (X,Ψ) be a T -algebra. Then define natural isomorphisms
cw,w1,...,wk := Ψ(cw,w1,...,wk)
I := Ψ(I)
sw,f := Ψ(sw,f)
where the symbols c, I, s on the right are 2-cells in T . Also define
Φn(w) := Ψn(()idn , w)
for w ∈ T (n). Then the coherence diagrams are satisfied because Ψn : T (n) →
End(X)(n) is a functor for every n and Ψ preserves γ, ()g, and 1.
We can easily check that the two procedures are inverse to one another and
that they define a bijection.
Next we can define a 2-monad C : Cat → Cat like on page 52. Define a
2-functor C by
CX :=
(
⋃
n≥0(T (n)×X
n))
Γ
for any small category X . We can similarly define 2-natural transformations η :
1Cat ⇒ C and µ : C2 ⇒ C.
Theorem 7.14. Let CC denote the 2-category of small strict C-algebras, pseudo
morphisms, and 2-cells. Let CT denote the 2-category of small pseudo T -algebras.
Then CC and CT are 2-equivalent.
Proof: The small C-algebras are precisely the small T -algebras by a proof
similar to Theorem 6.23. But by the previous theorem, the small T -algebras are
precisely the pseudo T -algebras. To see that the morphisms of the 2-categories CC
and CT are the same, one must compare the coherence isos of the morphisms. They
are related by
ρC(α,w1,...,wk)×(x¯) = α(ρ
T
w1
, . . . , ρTwk)(x¯).
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In diagram (1) of Definition 7.4 the right vertical composition can be replaced by
the appropriate component of ρC by the composition coherence diagram for coher-
ence isos of pseudo morphisms of C-algebras. Then (1) commutes by naturality
of ρC . In (2) of Definition 7.4, the right vertical equality can be replaced by the
appropriate component of ρC by the unit coherence diagram for coherence isos of
pseudo morphisms of C-algebras. Then (2) commutes by the naturality of ρC . Di-
agram (3) commutes by the naturality of ρC . The 2-cells of the 2-categories CC and
CT are also the same.
Finally, the 2-equivalence of Theorem 6.46 yields the desired 2-equivalence.
Power’s Theorem 5.3 in [44] states that the 2-category of strict C-algebras,
pseudo morphisms and 2-cells is biequivalent to the 2-category of strict T -algebras,
pseudo morphisms, and 2-cells where T is a theory enriched in categories and C is
the corresponding 2-monad in his construction. Power’s theorem differs from the
above Theorem 7.14 in several regards. Theorem 7.14 above uses strict C-algebras
to describe pseudo T -algebras, where T is a usual theory. Theorem 7.14 also has a
2-equivalence rather than a biequivalence.
Theorem 7.15 states part of Theorem 2.6 from [9].
Theorem 7.15. (Blackwell, Kelly, Power) Let C be a 2-monad. Then the 2-
category of small strict C-algebras, pseudo morphisms, and 2-cells of pseudo mor-
phisms admits strictly weighted pseudo limits of strict 2-functors.
We conclude the following completeness theorem from 7.15.
Theorem 7.16. Let T be a theory. Then the 2-category of pseudo T -algebras
admits strictly weighted pseudo limits of strict 2-functors.
Proof: A 2-equivalence of 2-categories preserves weighted pseudo limits be-
cause it admits a left 2-adjoint. Then the result follows from the previous two
theorems.
CHAPTER 8
Weighted Pseudo Limits in the 2-Category of
Pseudo T -Algebras
In this chapter we show that the 2-category of pseudo T -algebras introduced
in Chapter 7 admits weighted pseudo limits. In Chapter 5 we proved that the 2-
category of small categories admits weighted pseudo limits in Theorem 5.1, Lemma
5.15, and Theorem 5.16. We modify the proofs in Chapter 5 to obtain Theorem
8.1, Lemma 8.11, and Theorem 8.12. Let C denote the 2-category of small pseudo
T -algebras in this chapter. The existence of cotensor products in C allows us to
conclude in Theorem 8.12 that C admits weighted pseudo limits from a theorem of
Street. This result is more general than Theorem 7.16 because it allows the functors
to be pseudo. The proof in this chapter for pseudo limits is also constructive,
whereas Theorem 7.16 is not.
Theorem 8.1. The 2-category C of small pseudo T -algebras admits pseudo
limits.
Proof: Let J be a small 1-category and F : J → C a pseudo functor. Let 1
denote the terminal object of the 2-category of small categories as in Theorem 5.1.
Let U denote the forgetful 2-functor from the 2-category C of pseudo T -algebras
to the 2-category of small categories. The candidate for the pseudo limit of F is
L := PseudoCone(1, U ◦ F ) as before. Note that these are pseudo cones into the
2-category of small categories, not into the 2-category of pseudo T -algebras. We
define π : ∆L ⇒ F as in Theorem 5.1. We must show that L has the structure of
a pseudo T -algebra, that π is a pseudo natural transformation to F , and that L
and π are universal. These proofs will draw on the analogous results for the pseudo
limit of U ◦ F .
Lemma 8.2. The small category L admits a pseudo T -algebra structure.
Proof: We first make the identification of the categories P and L as in
Remarks 5.4 and 5.5. Let ηℓ = (aℓi)i × (ε
ℓ
f )f ∈ Obj L and (ξ
ℓ
i )i ∈ Mor L for
1 ≤ ℓ ≤ n and w ∈ T (n). We denote the structure maps of the pseudo T -
algebra Fi = Ai by Φi for all i ∈ Obj J . Let ai := Φi(w)(a1i , . . . , a
n
i ) and
εf := ΦTf (w)(ε
1
f , . . . , ε
n
f ) ◦ ρ
Ff
w (a
1
Sf , . . . , a
n
Sf ) : Ff(aSf ) → aTf as well as ξi :=
Φi(w)(ξ
1
i , . . . , ξ
n
i ). Then the structure maps of the pseudo T -algebra L are defined
by Φ(w)(η1, . . . , ηn) := (ai)i × (εf )f and Φ(w)((ξ1i )i, . . . , (ξ
n
i )i) := (ξi)i. We must
verify that these outputs belong to L.
We claim that (ai)i× (εf )f ∈ Obj L. We prove this by verifying the coherences
in Remarks 5.4 and 5.5 for a fixed word w ∈ T (2). To avoid cumbersome notation,
we write + for Ψ(w) for any structure map Ψ. The verification for a general word
is the same. We abbreviate ρHw as ρ
H for any morphism H of pseudo T -algebras.
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The only word appearing in the following diagrams is w, so there is no ambiguity.
Let γf,g := γ
F
f,g and δj := δ
F
j . First we show that for all j ∈ Obj J the diagram.
(8.1) aj
δj∗(aj) //
1aj
$$J
JJ
JJ
JJ
JJ
JJ
JJ
JJ
F1j(aj)
ε1j

aj
commutes where aj = a
1
j + a
2
j and ε1j = (ε
1
1j + ε
2
1j ) ◦ ρ
F1j (a1j , a
2
j) as defined above.
After writing this diagram out we get
a1j + a
2
j
ρ
1Fj (a1j ,a
2
j)=1a1
j
+a2
j

δj∗(a
1
j+a
2
j ) // F1j(a1j + a
2
j)
ρ
F1j (a1j ,a
2
j )

a1j + a
2
j
1
a1
j
+a2
j

δj∗(a
1
j )+δj∗(a
2
j ) // F1j(a1j) + F1j(a
2
j )
ε11j
+ε21j

a1j + a
2
j 1
a1
j
+a2
j
// a1j + a
2
j
where the top horizontal arrow is δj∗(aj) and the right vertical composition is
ε1j by definition. The top square commutes because δj∗ : 1Fj ⇒ F1j is a 2-cell
in the 2-category C. The bottom square commutes because + is a functor and
εℓ1j ◦ δj∗(a
ℓ
j) = 1aℓj for ℓ = 1, 2. Hence (8.1) commutes. Next we show that for all
i
f //j
g //k in J the diagram
(8.2) Fg ◦ Ff(ai)
γf,g(ai) //
Fg(εf )

F (g ◦ f)(ai)
εg◦f

Fg(aj) εg
// ak
commutes where εf = ε
1
f + ε
2
f etc. After writing out this diagram we get the
diagram below whose outermost square is (8.2). The upper left triangle commutes
by the definition of composition for morphisms of pseudo T -algebras. The upper
right quadrilateral commutes because γf,g : Fg ◦ Ff ⇒ F (g ◦ f) is a 2-cell in
the 2-category of pseudo T -algebras. The lower left square commutes because
ρFg : Fg(+) ⇒ Fg + Fg is a natural transformation. The bottom right square
commutes because + is a functor and εℓg ◦ (Fg(ε
ℓ
f )) = ε
ℓ
g◦f ◦ γf,g(a
ℓ
i) for ℓ = 1, 2.
Thus all four inner diagrams commute and (8.2) commutes. Thus both coherences
in Remark 5.4 are satisfied and η1 + η2 = (ai)i × (εf )f is an object of L.
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Fg ◦ Ff(a1i + a
2
i )
γf,g(a
1
i+a
2
i ) //
Fg(ρFf (a1i ,a
2
i ))

ρFg◦Ff (a1i ,a
2
i )
  A
AA
AA
AA
AA
AA
AA
AA
AA
AA
AA
AA
AA
AA
A
F (g ◦ f)(a1i + a
2
i )
ρF (g◦f)(a1i ,a
2
i )

Fg(Ff(a1i ) + Ff(a
2
i ))
ρFg(Ff(a1i ),Ff(a
2
i ))
//
Fg(ε1j+ε
2
j )

Fg ◦ Ff(a1i ) + Fg ◦ Ff(a
2
i )
γf,g(a
1
i )+γf,g(a
2
i )
//
Fg(ε1f )+Fg(ε
2
f )

F (g ◦ f)(a1i ) + F (g ◦ f)(a
2
i )
ε1g◦f+ε
2
g◦f

Fg(a1j + a
2
j)
ρFg(a1j ,a
2
j )
// Fg(a1j) + Fg(a
2
j)
ε1g+ε
2
g
// a1k + a
2
k
We claim that (ξ1i )i + (ξ
2
i ) = (ξi)i is a morphism in L where (ξ
1
i )i : (a
1
i )i ×
(ε1f )f → (b
1
i )i × (ζ
1
f )f and (ξ
2
i )i : (a
2
i )i × (ε
2
f )f → (b
2
i )i × (ζ
2
f )f are morphisms in L.
In other words we must show that
(8.3) Ff(ai)
εf //
Ff(ξi)

aj
ξj

Ff(bi)
ζf
// bj
commutes for all morphisms f : i → j in J , where ai = a1i + a
2
i etc. If we write
out the diagram we get
Ff(a1i + a
2
i )
ρFf (a1i ,a
2
i ) //
Ff(ξ1i+ξ
2
i )

Ff(a1i ) + Ff(a
2
i )
ε1f+ε
2
f //
Ff(ξ1i )+Ff(ξ
2
i )

a1j + a
2
j
ξ1j+ξ
2
j

Ff(b1i + b
2
i )
ρFf (b1i ,b
2
i )
// Ff(b1i ) + Ff(b
2
i )
ζ1f+ζ
2
f
// b1j + b
2
j
where the outermost square is (8.3). The square on the left commutes because
ρFf : Ff(+)⇒ Ff + Ff is a natural transformation. The right square commutes
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because the diagram
Ff(aℓi)
εℓf //
Ff(ξℓi )

aj
ξℓj

Ff(bi)
ζℓf
// bℓj
commutes for ℓ = 1, 2 and because + is a functor. Hence (ξ1i )i + (ξ
2
i ) = (ξi)i is a
morphism in L. Thus Φ(w) : L× L→ L.
The map Φ(w) preserves compositions and identities because the individual
components do. Thus Φ(w) : L × L → L is a functor. The same argument works
for words in T (n) for all n ∈ N. Thus Φ defines structure maps to make the small
category L into a pseudo T -algebra.
We define the coherence isos for Φ to be those maps which have the coherence
isos of Φi in the i-th component. We can prove that they are morphisms of the
category L, i.e. satisfy the diagram in Remark 5.5, by using the coherence diagrams
of ρ with the respective coherence iso as well as the naturality of the individual
components. The coherence isos for Φ are natural because they are natural in each
component. The coherence isos for Φ satisfy the coherence diagrams because the
individual components do. Thus L is a pseudo T -algebra with structure maps Φ.
Lemma 8.3. The map π : ∆L ⇒ F is a pseudo natural transformation with
coherence iso 2-cells given by τ .
Proof: It is clear from the work on the small category case in Chapter 5
that π is a pseudo natural transformation when we forget all the pseudo T -algebra
structures. Therefore it suffices to show that πj : L→ Fj is a morphism of pseudo
T -algebras for all j ∈ Obj J and that τi,j(f) : Ff ◦ πi ⇒ πj is a 2-cell in the
2-category of pseudo T -algebras for all morphisms f : i→ j in J .
Let j ∈ Obj J . Then πj : L → Fj is a functor. We abbreviate Φ(w) for
w ∈ T (2) by + as above. Then for ηℓ = (aℓi)i × (ε
ℓ
f )f ∈ Obj L for ℓ = 1, 2 we have
πj(η
1 + η2) = πj((a
1
i + a
2
i )i × ((ε
1
f + ε
2
f) ◦ ρ
Ff
w (a
1
Sf , a
2
Sf ))f )
= a1j + a
2
j
= πj(η
1) + πj(η
2).
The same calculation works for words in T (n) for all n ∈ N. We conclude that πj
commutes with the structure maps for the pseudo T -algebra structure. If we take
ρ
πj
w = iπj ◦ iΦ(w) then πj is a morphism of pseudo T -algebras for all j ∈ J .
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Let f : i → j be a morphism in L. To show that τi,j(f) is a 2-cell, we must
show that the diagram
(8.4)
Ff ◦ πi ◦ Φ(w)
τi,j(f)∗iΦ(w) +3
ρ
Ff◦πi
w

πj ◦ Φ(w)
ρ
πj
w

Φj(w) ◦ (Ff ◦ πi, . . . , Ff ◦ πi)
iΦj(w)∗(τi,j(f),...,τi,j(f))
+3 Φj(w) ◦ (πj , . . . , πj)
commutes for all words w. Recalling that τi,j(f)η := τ
η
i,j(f) and evaluating the
diagram on (η1, η2) where ηℓ = (aℓi)i × (ε
ℓ
f )f ∈ Obj L for ℓ = 1, 2 gives
Ff(a1i + a
2
i )
ρFf (a1i ,a
2
i )

(ε1f+ε
2
f )◦ρ
Ff (a1i ,a
2
i ) // a1j + a
2
j
1
a1
j
+a2
j

Ff(a1i ) + Ff(a
2
i )
ε1f+ε
2
f
// a1j + a
2
j
which obviously commutes. Hence τi,j(f) is a 2-cell in the 2-category of pseudo
T -algebras for all f : i→ j and π is a pseudo natural transformation.
Now we must show that the pseudo T -algebra L and the pseudo natural trans-
formation π : ∆L ⇒ F are universal in the sense that the functor φ :MorC(V, L)→
PseudoCone(V, F ) as defined in the small category case of Chapter 5 is an isomor-
phism of categories for all objects V of C. In the following, V is a fixed object of
the 2-category C of pseudo T -algebras.
Lemma 8.4. The map φ :MorC(V, L)→ PseudoCone(V, F ) is a functor.
Proof: The proof is analogous to the proof for the φ of the pseudo colimit
of small categories in Lemma 4.4. The only difference is that here we have to
verify that τi,j(f) ∗ ib is a 2-cell of the 2-category C of pseudo T -algebras for any
morphism b : V → L as in the comments just before Lemma 4.4. But that is
immediate because ib is obviously a 2-cell and the horizontal composition of 2-cells
is again a 2-cell.
Now we construct a functor ψ : PseudoCone(V, F ) → MorC(V, L) that is
inverse to φ. First we define ψ for objects, then for morphisms. Finally we verify
that it is a functor and inverse to φ. The next two lemmas define a morphism
ψ(π′) : V → L in C for any object π′ of PseudoCone(V, F ).
Lemma 8.5. Let π′ : ∆V ⇒ F be a pseudo natural transformation with coher-
ence 2-cells τ ′. For any fixed x ∈ Obj V we have ψ(π′)(x) := b(x) := (π′i(x))i ×
(τ ′Sf,Tf (f)x)f is an element of Obj L.
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Proof: This follows from Lemma 5.7 by forgetting the pseudo T -algebra
structures. Thus ψ(π′)(x) ∈ Obj L.
Lemma 8.6. Let π′ : ∆V ⇒ F be a pseudo natural transformation with co-
herence 2-cells τ ′. Then for any fixed h ∈ MorV (x, y) we have a modification
ψ(π′)(h) := b(h) := (π′i(h))i : b(x) b(y). This notation means b(h)i(∗) := π
′
i(h).
Proof: This is exactly the same as the proof of Lemma 5.8 because the pseudo
T -algebra structure on L makes no additional requirements on the morphisms of
the small category L.
Lemma 8.7. For any pseudo natural transformation π′ : ∆V ⇒ F the map
ψ(π′) = b : V → L as defined above is a morphism of pseudo T -algebras.
Proof: By Lemma 5.9 the map b : V → L is a functor between the under-
lying small categories. We define a natural transformation ρbw for w ∈ T (2). We
abbreviate the application of any structure map to w by +. Define ρbw(x1, x2) :=
ρb(x1, x2) := (ρ
π′i(x1, x2))i : b(x1 + x2)→ b(x1) + b(x2) for all x1, x2 ∈ Obj V . We
claim that ρb(x1, x2) is a morphism in L. Let τ
′
i,j(f) denote the coherence 2-cell of
π′ : ∆V ⇒ F for f : i → j in J . Since τ ′i,j(f) : Ff ◦ π
′ ⇒ π′j is a 2-cell, we know
that
Ff ◦ π′i(x1 + x2)
τ ′i,j(f)x1+x2 //
ρFf◦π
′
i (x1,x2)

π′j(x1 + x2)
ρ
π′j (x1,x2)

Ff ◦ π′i(x1) + Ff ◦ π
′
i(x2)
τ ′i,j(f)x1+τ
′
i,j(f)x2
// π′j(x1) + π
′
j(x2)
commutes. Rewriting the left vertical arrow and the bottom arrow gives
Ff(π′i(x1 + x2))
τ ′i,j(f)x1+x2 //
Ffρπ
′
i (x1,x2)

π′j(x1 + x2)
ρ
π′j (x1,x2)

Ff(π′i(x1) + π
′
i(x2))
(τ ′i,j(f)x1+τ
′
i,j(f)x2)◦ρ
Ff (π′i(x1),π
′
i(x2))
// π′j(x1) + π
′
j(x2)
which states precisely that ρb(x1, x2) = (ρ
π′i(x1, x2))i : b(x1 + x2)→ b(x1) + b(x2)
is a morphism in L by Remark 5.5. The map ρb is natural because each component
is natural. Hence ρb is a natural transformation. If we define ρbw analogously for
arbitrary words w of the theory T , then the coherences of Definition 7.1 are satisfied
because they are satisfied componentwise. Hence ψ(π′) = b : V → L is a morphism
of pseudo T -algebras.
Lemma 8.8. Let Ξ : α β be a morphism in the category PseudoCone(V, F ).
Then ψ(Ξ) : ψ(α) ⇒ ψ(β) defined by V ∋ x 7→ (Ξi(x))i ∈ MorL(ψ(α)x, ψ(β)x) is
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a 2-cell in the 2-category of pseudo T -algebras. As in Lemma 5.10, this definition
means ψ(Ξ)(x)i(∗) := Ξi(x).
Proof: The map ψ(Ξ) is a natural transformation by Lemma 5.10. For all
i ∈ Obj J we have morphisms αi, βi : V → Fi and 2-cells Ξi : αi ⇒ βi. Hence
αi(x1 + x2)
Ξi(x1+x2) //
ραi (x1,x2)

βi(x1 + x2)
ρβi (x1,x2)

αi(x1) + αi(x2)
Ξi(x1)+Ξi(x2)
// βi(x1) + βi(x2)
commutes. Since these are the components for ψ(α)(x), ψ(β)(x), and ψ(Ξ)(x), we
see that
ψ(α)(x1 + x2)
ψ(Ξ)(x1+x2) //
ρψ(α)(x1,x2)

ψ(β)(x1 + x2)
ρψ(β)(x1,x2)

ψ(α)(x1) + ψ(α)(x2)
ψ(Ξ)(x1)+ψ(Ξ)(x2)
// ψ(β)(x1) + ψ(β)(x2)
commutes. Similar diagrams hold for arbitrary words w in the theory T . Thus
ψ(Ξ) is a 2-cell.
Theorem 8.9. The map ψ : PseudoCone(V, F ) → MorC(V, L) as defined in
the previous lemmas is an inverse functor to φ.
Proof: This follows from the calculations of Theorem 5.11 and Lemmas 5.12
and 5.13.
Lemma 8.10. The pseudo T -algebra L with the pseudo cone π : ∆L ⇒ F is a
pseudo limit of the pseudo functor F : J → C.
Proof: The functor φ :MorC(V, L)→ PseudoCone(V, F ) is an isomorphism
of categories by the previous lemmas. Since V was an arbitrary object of C we
conclude that L and π are universal.
Thus every pseudo functor F : J → C from a small 1-category J to the 2-
category C of pseudo T -algebras admits a pseudo limit. Hence C admits pseudo
limits. This completes the proof of Theorem 8.1.
Lemma 8.11. The 2-category C of small pseudo T -algebras admits cotensor
products.
Proof: Let J ∈ Obj Cat and let F be a pseudo T -algebra. Let U : C → Cat
be the forgetful functor. Define P := (UF )J , which is the 1-category of 1-functors
J → UF . We claim that P has the structure of a pseudo T -algebra. Let Φn :
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T (n)→ Functors(Fn, F ) denote the structure maps for F . Define
ΦPn : T (n)→ Functors(P
n, P ) by
ΦPn (w)(p1, . . . , pn)(j) := Φn(w)(p1(j), . . . , pn(j))
for j ∈ Obj J and p1, . . . , pn ∈ Obj P . Coherence isos are defined analogously. For
example, define sPw,f : Φ
P (wf ) ⇒ ΦP (w)f for f : m → n on p1, . . . , pn ∈ Obj P as
the 1-natural transformation
sPw,f(p1, . . . , pn) : Φ
P
n (wf )(p1, . . . , pn) +3Φ
P
n (w)f (p1, . . . , pn)
which is sPw,f(p1, . . . , pn)(j) := sw,f (p1(j), . . . , pn(j)) for j ∈ Obj J . Then all co-
herence diagrams are satisfied because they are satisfied pointwise. Hence, P has
the structure of a pseudo T -algebra.
We claim that P is a cotensor product of J and F . We use Remark 3.21. Define
a functor π : J → C(P, F ) by
π(j)(p) := p(j)
π(j)(η) := η(j)
π(g)(p) := p(g)
for j an object of J , p a functor from J to UF , η a natural transformation, and g
a morphism in J . Let σ : J → C(C,F ) be a functor. Define a morphism b : C → P
of pseudo T -algebras by
b(c)(j) := σ(j)(c)
b(c)(f) := σ(f)(c)
b(m)(j) := σ(j)(m)
for c ∈ Obj C, j ∈ Obj J , f ∈ Mor J , and m ∈ Mor C. Then b is strict and it is
the unique morphism C → P such that C(b, F ) ◦π = σ. A similar argument can be
made for 2-cells. Thus P is a cotensor product of J and F with unit π.
Theorem 8.12. The 2-category C of small pseudo T -algebras admits weighted
pseudo limits.
Proof: By Theorem 8.1 it admits pseudo limits, and hence it admits pseudo
equalizers. The 2-category C obviously admits 2-products. By Lemma 8.11 it
admits cotensor products. Hence by Theorem 3.22 it admits weighted pseudo limits.
Theorem 8.13. The 2-category C of small pseudo T -algebras admits weighted
bilimits.
Proof: It admits weighted pseudo limits and therefore admits weighted bilim-
its.
CHAPTER 9
Biuniversal Arrows and Biadjoints
After studying bilimits and bicolimits, we turn our attention to another type of
weakened structure called biadjoints. The concept of an adjunction from 1-category
theory consists of two functors and a natural bijection between appropriate hom
sets. Mac Lane lists several equivalent ways of describing an adjunction in [39] on
pages 79-86. One of these ways involves a universal arrow for each object of the
source category. To weaken these concepts, we replace the functors by pseudo func-
tors, the natural bijection of hom sets by a pseudo natural equivalence of categories,
and the universal arrow by a biuniversal arrow. The main goal in this chapter is to
prove that a biadjunction can be described via pseudo natural equivalences or via
biuniversal arrows. This is the meaning of Theorem 9.16 and Theorem 9.17.
A close result in the literature can be found in Gray’s work [19]. His concept
of transcendental quasiadjunction between two 2-functors on page 177 is similar to
the concept of biadjunction between two pseudo functors except that the functors
in a biadjoint are allowed to be pseudo. Gray remarks on pages 180-181 that a
transcendental quasiadjunction gives rise to a certain universal mapping property.
The analogous concept for biadjoints is a biuniversal arrow and the appropriate
theorem is Theorem 9.16. On page 184 Gray remarks that under certain hypothesis,
the universal mapping property gives rise to a quasiadjunction. The biadjoint
version of this is Theorem 9.17 in which the starting functor G is allowed to be a
pseudo functor.
Kelly phrases a similar result in [29] on page 316 in terms of homomorphisms
of bicategories and birepresentations. His notion of biadjoint is the same as in this
paper, except that we are considering only pseudo functors between 2-categories
rather than homomorphisms between bicategories. Kelly’s statement is equivalent
to 9.17 after an application of Yoneda’s Lemma for bicategories. Yoneda’s Lemma
for bicategories can be found in [50].
Street makes an observation on page 121 in [50] similar to Theorem 9.17: if
each object admits a left bilifting then a left biadjoint exists. The unit for a left
bilifting is the biuniversal arrow of Theorem 9.17.
MacDonald and Stone also have a weakened notion of adjunction in [41] called
soft adjunction. In that article they consider strict 2-functors and natural adjunc-
tions between hom categories. They prove theorems about the universality concepts
that arise in such a context.
We follow Mac Lane’s presentation of adjoints except we account for the 2-cells.
The notation in this study is analogous to the notation in Mac Lane’s book. Recall
the definition of a universal arrow and its uniqueness.
Definition 9.1. Let S : D → C be a functor between 1-categories and c ∈
Obj C. Then an object r ∈ Obj D and a morphism u ∈MorC(c, Sr) are a universal
arrow from c to S if for every d ∈ Obj D and every f ∈ MorC(c, Sd) there exists
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a unique morphism f ′ ∈ MorD(r, d) such that Sf ′ ◦ u = f . Pictorially this means
for every d and every f as above, there exists a unique f ′ making
c
u // Sr
Sf ′

r
f ′

c
f
// Sd d
commute. This is equivalent to saying the assignment f ′ 7→ Sf ′ ◦ u,
MorD(r, d)→MorC(c, Sd) is a bijection of hom sets for every fixed d ∈ Obj D.
Lemma 9.2. Let u : c → Sr and u′ : c → Sr′ be universal arrows from the
object c to the functor S. Then there exists a unique morphism f ′ : r → r′ such
that Sf ′ ◦ u = u′. Moreover, the morphism f ′ : r → r′ is an isomorphism.
Proof: There exist unique morphisms f ′ and g′ such that the following dia-
gram commutes.
c
u // Sr
Sf ′

r
f ′

c
u′ // Sr′
Sg′

r′
g′

c
u
// Sr r
The middle vertical column could be replaced by S1r to make the outermost rec-
tangle commutative. Hence by the uniqueness we have g′ ◦ f ′ = 1r. Similarly we
can show that f ′ ◦ g′ = 1r′ . Hence f ′ is an isomorphism and Sf ′ ◦ u = u′.
Before weakening the concept of universal arrow, we prove a simple lemma that
will make it easier to visualize a biuniversal arrow.
Lemma 9.3. Let X
φ //
A
ψ
oo be adjoint functors with unit θ : 1X ⇒ ψ ◦ φ and
counit µ : φ ◦ ψ ⇒ 1A. Suppose that both the unit and the counit are natural
isomorphisms. Let ν : φ(x) → a be a morphism in A and x ∈ Obj X, a ∈ Obj A.
Then there exists a unique morphism ν′ : x→ ψ(a) such that
x
ν′

φ(x)
ν //
φ(ν′)

a
ψ(a) φ(ψ(a))
µ(a)
// a
commutes. Moreover, ν′ is iso if and only if ν is iso.
Proof: The existence and uniqueness claims follow because µ(a) is a universal
arrow from φ to a. If ν′ is iso, then φ(ν′) is iso and so is ν = µ(a) ◦ φ(ν′) because
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µ(a) is iso by hypothesis. It only remains to show that ν′ is iso if ν is iso. Suppose
ν is iso. Then φ(ν′) is iso from the commutivity of the diagram because µ(a) and
ν are iso. By the naturality of θ we have
x
θ(x) //
ν′

ψ ◦ φ(x)
ψ◦φ(ν′)

ψ(a)
θ(ψ(a))
// ψ ◦ φ(ψ(a))
commutes. Then ν′ is iso because θ(x), θ(ψ(a)), and ψ(φ(ν′)) are iso.
To weaken the concept of universal arrow in the context of 2-categories, we
replace the bijection of sets above by an equivalence of the appropriate morphism
categories.
Definition 9.4. Let S : D → C be a pseudo functor between 2-categories and
C ∈ Obj C. Then an object R ∈ Obj D and a morphism u ∈ MorC(C, SR) are a
biuniversal arrow fromC to S if for everyD ∈ Obj D the functor φ :MorD(R,D)→
MorC(C, SD) defined by f
′ 7→ Sf ′◦u and γ 7→ Sγ∗iu is an equivalence of categories.
We suppressed the dependence of φ on D in the notation of the definition. This
definition implies that φ admits a right adjoint ψ such that the counit µ : φ ◦ ψ ⇒
1MorC(C,SD) and unit are natural isomorphisms. Pictorially the definition implies
that for every object D ∈ Obj D and every morphism f : C → SD in C there exists
an f ′ and a natural universal 2-cell µ(f) which is iso (an arrow of the counit) as in
the following diagram.
C
u // SR
Sf ′

µ(f)
w
R
f ′

C
f
// SD D
The assignment ψ : f 7→ f ′ is functorial and µ : φ ◦ ψ ⇒ 1MorC(C,SD) is a natural
transformation. This diagram is not equivalent to the definition because it does not
express the naturality of the 2-cells, nor does it include the natural isomorphism
(the unit) from the identity functor on MorD(R,D) to ψ ◦ φ. The universality of
the 2-cell µ(f) from the functor φ to the object f means pictorially that the arrow
f ′ is unique up to 2-cell in the following way. If f¯ ′ : R → D is an arrow in D and
ν is a (not necessarily iso) 2-cell as in
C
u // SR
Sf¯ ′

ν
w ww
ww
ww
ww
ww
ww
w
w
w
w
R
f¯ ′

C
f
// SD D
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then there exists a unique 2-cell ν′ : f¯ ′ ⇒ f ′ whose φ image factors ν via the
universal arrow µ(f), i.e. ν′ is such that
f¯ ′
ν′

Sf¯ ′ ◦ u
ν +3
φ(ν′)=Sν′∗iu

f
f ′ Sf ′ ◦ u
µ(f)
+3 f
commutes. We also know that ν′ is iso if and only if ν is iso as in Lemma 9.3. Note
that these diagrams are dual to Definition 9.1, although it is the same concept of
universal arrow.
One can ask if the equivalences of categories in the definition of biuniversal
arrow can be chosen in some natural way as in Remark 3.17. They can in fact as
the following theorem shows.
Theorem 9.5. Let u : C → SR be a biuniversal arrow from C to the pseudo
functor S as in Definition 9.4. Let φD : MorD(R,D) → MorC(C, SD) be the
functor defined by f ′ 7→ Sf ′ ◦ u and γ 7→ Sγ ∗ iu. Then D 7→ φD is a pseudo
natural transformation MorD(R,−) ⇒ MorC(C, S−). For D ∈ Obj D let ψD :
MorC(C, SD) → MorD(R,D) be a right adjoint to φD such that the unit ηD :
1MorD(R,D) ⇒ ψD ◦ φD and the counit εD : φD ◦ ψD ⇒ 1MorC(C,SD) are natural
isomorphisms. Then D 7→ ψD is a pseudo natural transformation and D 7→ ηD and
D 7→ εD are iso modifications iMorD(R,−)  ψ⊙ φ and φ⊙ψ  iMorC(C,S−) which
satisfy the triangle identities.
Proof: Let F,G : D → Cat be the pseudo functors defined by F (D) =
MorD(R,D) and G(D) = MorC(C, SD). Then F is a strict 2-functor. One can
prove that φ : F ⇒ G is a pseudo natural transformation by defining the coherence
2-cell τ in terms of γS and then using the unit and composition axioms for S to
prove the unit and composition axioms for φ. After doing that, we are in the setup
of Lemma 9.9, from which everything else follows.
In analogy to the uniqueness statement for universal arrows, we have a unique-
ness statement for biuniversal arrows. It requires the concept of pseudo isomor-
phism in a 2-category.
Definition 9.6. Let D be a 2-category and f : R→ R′ a morphism in D. Then
f is a pseudo isomorphism if there exists a morphism g : R′ → R and iso 2-cells
g ◦ f ⇒ 1R and g ◦ f ⇒ 1R′ . A pseudo isomorphism is also called an equivalence.
Lemma 9.7. Let S : D → C be a pseudo functor. Let u1 : C → SR1 and
u2 : C → SR2 be biuniversal arrows from C to S. Then there exists a pseudo
isomorphism g′ : R1 → R2 in D and an iso 2-cell as in (9.1).
(9.1) C
u1 // SR1
Sg′

µ1(u2)
w
R1
g′

C u2
// SR2 R2
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Moreover, if g¯′ and ν are a morphism and an iso 2-cell that also fill in the diagram,
then g¯′ and g′ are isomorphic via the unique 2-cell ν′ : g¯′ → g′ such that µ1(u2) ◦
(Sν′ ∗ iu1) = ν.
Proof: The biuniversality of u1 and u2 guarantees the existence of arrows
f ′, g′, and h′ and iso 2-cells µ1(u2), µ2(u1), and µ1(u1) to fill in the following dia-
grams.
(9.2) C
u1 // SR1
Sf ′

µ1(u1)
w
R1
f ′

C u1
// SR1 R1
(9.3) C
u1 // SR1
Sg′

µ1(u2)
w
R1
g′

C u2
// SR2
Sh′

µ2(u1)
w
R2
h′

C u1
// SR1 R1
The arrow 1R1 also fills in the diagram
(9.4) C
u1 // SR1
S1R1

iu1∗δ
−1
R1∗
t| qqq
qq
qq
qq
qq
qq
qq
qq
qq
qq
qq
qq
qq
qq
qq
qq
q
R1
1R1

C u1
// SR1 R1
with an iso 2-cell. Diagram (9.3) combined appropriately with (γSg′,h′)
−1 gives an
iso 2-cell h′ ◦ g′ ⇒ f ′ by the comments after the definition of biuniversal arrow.
Similarly, diagram (9.4) gives an iso 2-cell 1R1 ⇒ f
′ for the same reason. Combining
these two iso 2-cells appropriately gives an iso 2-cell h′ ◦ g′ ⇒ 1R1 . By a similar
argument we obtain an iso 2-cell g′ ◦ h′ ⇒ 1R2 . Thus g
′ : R1 → R2 is a pseudo
isomorphism. The iso 2-cell between g¯′ and g′ is also guaranteed by the comments
after the definition of biuniversal arrow in 9.4.
After these preparations involving biuniversal arrows, we can now introduce
the main concept of this chapter.
Definition 9.8. Let X and A be 2-categories. A biadjunction 〈F,G, φ〉 : X ⇀
A consists of the following data
• Pseudo functors
X
F //
A
G
oo
between 2-categories
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• For all X ∈ Obj X and all A ∈ Obj A an equivalence of categories φX,A :
MorA(FX,A) → MorX (X,GA) assigned in such a way to make φ into
a pseudo natural transformation in each variable between the following
pseudo functors of two variables.
X op ×A
F op×1A // Aop ×A
Mor //
φ

Cat
X op ×A
1Xop×G // X op ×X
Mor // Cat
In this situation, F is called a left biadjoint for G and G is called a right biadjoint
for F .
Recall again that a biadjoint is called a lax adjoint in [25], [26], and [27]. The
degree of uniqueness of a left biadjoint (if a left biadjoint exists), will be dealt
with at the end of this chapter. One can ask whether or not an adjoint functor
ψX,A : MorX (X,GA) → MorA(FX,A) to φX,A can be chosen in a natural way.
This is similar to the question answered in Remark 3.17 for bicolimits. To show
that right adjoints can be chosen in a pseudo natural way, we need the following
lemma.
Lemma 9.9. Let F,G : A → Cat be pseudo functors and F a strict 2-functor.
Suppose we have a pseudo natural transformation φ : F ⇒ G such that φA : FA→
GA is an equivalence of categories for all A ∈ Obj A. For each A ∈ Obj A, let
ψA : GA→ FA be a right adjoint to φA such that the unit ηA : 1FA ⇒ ψA ◦φA and
counit εA : φA ◦ ψA ⇒ 1GA are natural isomorphisms. Then A 7→ ψA is a pseudo
natural transformation G ⇒ F . The assignments A 7→ ηA and A 7→ εA define iso
modifications η : iF  ψ ⊙ φ and ε : φ⊙ ψ  iG respectively. Furthermore, η and
ε satisfy the triangle identities.
Proof: For all A ∈ Obj A there exists such a right adjoint ψA because φA is
an equivalence of categories.
To show that A 7→ ψA is a pseudo natural transformation, we need to define
the coherence 2-cell τ ′f for each morphism f of A, show that it is natural, it satisfies
the unit axiom, and that it satisfies the composition axiom.
For a morphism f : A → B in A let τf : Gf ◦ φA ⇒ φB ◦ Ff denote the
coherence 2-cell belonging to the pseudo natural transformation φ. Define τ ′f :
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Ff ◦ ψA ⇒ ψB ◦Gf to be the composition of the 2-cells in diagram (9.5).
(9.5) GA
1GA

ψA // FA
1FA

εA
y {{
{{
{{
{{
{{
{{
{{
{
GA
Gf

FA
φAoo
Ff

GB
1GB

FB
φB
oo
1FB

τ
−1
f
]eCCCCCCCCCCCCCCC
ηB
y {{
{{
{{
{{
{{
{{
{{
{
GB
ψB
// FB
We claim that the assignment f 7→ τ ′f is natural in f . To see this, let f, g : A→ B
be morphisms in A and µ : f ⇒ g a 2-cell in A. Then τ ′f is the composition of the
top row of 2-cells in diagram (9.6) and τ ′g is the bottom composition.
(9.6)
1FB ◦ Ff ◦ ψA
ηB∗iFf∗iψA
+3
i1FB
∗Fµ∗iψA

ψB ◦ φB ◦ Ff ◦ ψA
iψB
∗τ
−1
f
∗iψA
+3
iψB◦φB
∗Fµ∗iψA

ψB ◦Gf ◦ φA ◦ ψA
iψB
∗iGf ∗εA
+3
iψB
∗Gµ∗iφA◦φA

ψB ◦Gf ◦ 1GA
iψB
∗Gµ∗i1GA

1FB ◦ Fg ◦ ψA
ηB∗iFg∗iψA
+3 ψB ◦ φB ◦ Fg ◦ ψA
iψB
∗τ−1g ∗iψA
+3 ψB ◦Gg ◦ φA ◦ ψA
iψB
∗iGg∗εA
+3 ψB ◦Gg ◦ 1GA
The left square and the right square commute because of the interchange law and
the defining property of identity 2-cells. The middle square commutes because
f 7→ τf is natural by the definition of φ pseudo natural. Hence the outermost
rectangle commutes and f 7→ τ ′f is natural.
We claim that τ ′ satisfies the unit axiom for pseudo natural transformations.
Since F is strict, proving the coherence diagram reduces to proving that τ ′1A =
iψA ∗ δ
G
A∗. Using the definition of τ
′ above and the unit axiom for τ we see that τ ′1A
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is the composition of 2-cells in diagram (9.7).
(9.7) GA
1GA

ψA // FA
1FA

εA
y {{
{{
{{
{{
{{
{{
{{
{
GA
G1A

FA
φAoo
F1A

GA
1GA

FA
φA
oo
1FA

δGA∗∗iφA
]eCCCCCCCCCCCCCCC
ηA
y {{
{{
{{
{{
{{
{{
{{
{
GA
ψA
// FA
But the composition of 2-cells in (9.7) is the same as the composition of 2-cells in
(9.8) by the interchange law.
(9.8) GA
1GA

ψA // FA
1FA

εA
y {{
{{
{{
{{
{{
{{
{{
{
GA
G1A

GA
1GA

δGA∗
y {{
{{
{{
{{
{{
{{
{{
{
FA
φAoo
F1A=1FA

GA GA
1GA

FA
φA
oo
1FA

iφA
]eCCCCCCCCCCCCCCC
ηA
y {{
{{
{{
{{
{{
{{
{{
{
GA
ψA
// FA
By one of the triangle identities we see that the right three squares of (9.8) collapse
to iψA and therefore (9.7) is the same as iψA ∗ δ
G
A∗. Hence τ
′
1A = iψA ∗ δ
G
A∗ and the
unit axiom is satisfied.
We claim that τ ′ satisfies the composition axiom for pseudo natural transfor-
mations. Let A
f //B
g //C be morphisms in A. Since F is a strict 2-functor,
proving the composition coherence reduces to proving that
τ ′g◦f = (iψC ∗ γ
G
f,g)⊙ (τ
′
g ∗ iGf)⊙ (iFg ∗ τ
′
f ). Following the same approach as for the
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unit axiom, we write out τ ′g◦f in (9.9).
(9.9) GA
1GA

ψA // FA
1FA

εA
y {{
{{
{{
{{
{{
{{
{{
{
GA
G(g◦f)

FA
φAoo
F (g◦f)

GC
1GC

FC
φB
oo
1FC

τ
−1
g◦f
]eCCCCCCCCCCCCCCC
ηC
y {{
{{
{{
{{
{{
{{
{{
{
GC
ψC
// FC
Using the composition axiom for τ and writing the 2-cells more compactly we see
that the composition of 2-cells in diagram (9.9) is the same as in diagram (9.10).
(9.10) GA
1GA

ψA //
εA⇐
FA
φA
}}{{
{{
{{
{{
{{
{{
{{
{
Ff

GA
G(g◦f)

GA
ηB⇐
τ
−1
f
⇐
Gf

FB
1FB

φB
}}{{
{{
{{
{{
{{
{{
{{
{
γG
f,g
⇐
GB
ψB
//
1GB

εB⇐
FB
Fg

φB
}}{{
{{
{{
{{
{{
{{
{{
{
GB
Gg

τ−1g
⇐
ηC⇐
FC
1FC

φC
}}{{
{{
{{
{{
{{
{{
{{
{
GC GC
ψC
// FC
The middle parallelogram involving ηB and εB is the same as iφB by the triangle
identity. Hence (9.10) is (iψC ∗ γ
G
f,g)⊙ (τ
′
g ∗ iGf )⊙ (iFg ∗ τ
′
f ) and we conclude that
τ ′g◦f = (iψC ∗ γ
G
f,g)⊙ (τ
′
g ∗ iGf)⊙ (iFg ∗ τ
′
f ) as required by the composition axiom.
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Thus far we have shown that A 7→ ψA is a pseudo natural transformation
G⇒ F . Next we show that A 7→ ηA defines a modification iF  ψ ⊙ φ.
Let f, g : A → B be morphisms in the 2-category A and γ : f ⇒ g a 2-
cell. We claim that the compositions in diagrams (3.1) and (3.2) are the same,
i.e. that η is a modification. Our diagrams will of course have F = G, α = iF ,
β = ψ ⊙ φ, and the coherence iso belonging to iF is trivial while the coherence iso
for the composite pseudo natural transformation ψ⊙ φ is (iψB ∗ τf )⊙ (τ
′
f ∗ iφA) by
the remarks on page 13 about coherence isos for a vertical composition of pseudo
natural transformations. Then we see that the composition (3.2) is ηB ∗ Fγ. We
proceed by reducing (3.1) to ηB ∗Fγ. The composition in diagram (3.1) is explicitly
(9.11), where we left off the vertical equal signs.
(9.11) FA
1FA //
ηA

FA
Ff //
Fγ

FB
FA
φA //
iφA

GA
ψA // FA
Fg
//
τ ′g

FB
FA
φA
// GA
Gg
//
τg

GB
ψB //
iψB

FB
FA
Fg
// FB
φB
// GB
ψB
// FB
Writing out the definition τ ′g in (9.11) and including some identities gives (9.12).
(9.12) FA
1FA //
ηA

FA
Ff //
Fγ

FB
1FB //
i1FB

FB
FA
φA //
iφA

GA
ψA // FA
Fg
//
εA
y zz
zz
zz
zz
zz
z
φA

FB
τ−1g
x  zz
zz
zz
zz
zz
z 1FB
//
φB

FB
ηB
x  zz
zz
zz
zz
zz
z
FA
φA
// GA
1GA
// GA
Gg
//
τg

GB
ψB //
iψB

FB
FA
Fg
// FB
φB
// GB
ψB
// FB
After cancelling τg with τ
−1
g and using one of the triangle identities we see that
(9.12) is the same as ηB ∗Fγ. Thus we conclude that (3.1) is the same as (3.2) and
that A 7→ ηA is a modification.
One can similarly show that A 7→ εA is a modification.
The modifications η and ε satisfy the triangle identities because the individual
2-cells ηA and εA do.
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Now we use this lemma to prove how the right adjoints ψX,A :MorX (X,GA)→
MorA(FX,A) to φX,A can be chosen in a pseudo natural way in the following
theorem.
Theorem 9.10. Let 〈F,G, φ〉 : X ⇀ A be a biadjunction. For all X ∈ Obj X
and all A ∈ Obj A let ψX,A : MorX (X,GA) → MorA(FX,A) be a right adjoint
to φX,A such that the unit ηX,A : 1MorA(FX,A) ⇒ ψX,A ◦ φX,A and the counit
εX,A : φX,A ◦ψX,A ⇒ 1MorX (X,GA) are natural isomorphisms. Then the assignment
(X,A) 7→ ψX,A is pseudo natural in each variable. Moreover, the assignments
(X,A) 7→ ηX,A and (X,A) 7→ εX,A comprise modifications in each variable of the
form η : iMorA(F−,−)  ψ ⊙ φ and ε : φ⊙ ψ  iMorX (−,G−).
Proof: We prove the pseudo naturality and modification in the second vari-
able. The first variable is similar. Let F¯ respectively G¯ be the pseudo functor
A → Cat obtained by holding X fixed in the first respectively second row in Def-
inition 9.8. See the proof of Lemma 9.15 for a precise description of F¯ and G¯.
The pseudo functor F¯ is actually a strict 2-functor because it is the composition
of strict 2-functors. If we drop the notation X in all occurrences, we see that we
are precisely in the setup of Lemma 9.9. This proves the theorem for the second
variable. To prove it for the first variable we only need to prove an analogue of
Lemma 9.9 for F pseudo and G strict.
Next we prove a series of lemmas needed to prove Theorems 9.16 and 9.17.
Lemma 9.11. Let X and A be 2-categories. Let 〈F,G, φ〉 : X ⇀ A be a biad-
junction and let ηX := φX,FX(1FX) : X → GFX. Then ηX : X → G(FX) is a
biuniversal arrow from X to G.
Proof: The assignment (X,A) 7→ φX,A is pseudo natural in each variable by
assumption. Let τ denote the coherence 2-cells for φX,−. From the definition of
pseudo natural transformation φX,− we obtain for f
′ ∈MorA(FX,D) the following
diagram in Cat.
MorA(FX,FX)
φX,FX //
f ′∗

MorX (X,GFX)
(Gf ′)∗

τFX,D(f
′)
s{ ooo
oo
oo
oo
oo
oo
oo
oo
oo
oo
oo
oo
oo
oo
oo
oo
oo
oo
oo
oo
o
MorA(FX,D)
φX,D
// MorX (X,GD)
Chasing 1FX along this diagram gives a diagram in the 2-category X .
X
ηX // G(FX)
Gf ′

τFX,D(f
′)(1FX)
rz nnn
nnn
nn
nnn
nnn
nn
nnn
nnn
nn
nnn
nnn
nn
nnn
nnn
nn
nnn
nnn
nn
X
φX,D(f
′)
// GD
The map MorA(FX,D) ∋ f ′ 7→ τFX,D(f ′)(1FX) is natural. This fact combined
with the diagram in X above says that we have a natural isomorphism from the
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functor MorA(FX,D) ∋ f ′ 7→ Gf ′ ◦ ηX ∈ MorX (X,GD) to the functor f ′ 7→
φX,D(f
′). From the definition of biadjunction, φX,D is an equivalence of categories.
Hence f ′ 7→ Gf ′ ◦ ηX is naturally isomorphic to an equivalence of categories and is
therefore itself an equivalence of categories MorA(FX,D) → MorX (X,GD). We
conclude that ηX is a biuniversal arrow.
Lemma 9.12. Let X and A be 2-categories. Let 〈F,G, φ〉 : X ⇀ A be a biad-
junction and let ηX := φX,FX(1FX) : X → GFX. Then the assignment X 7→ ηX
is a pseudo natural transformation 1X ⇒ GF .
Proof: Let f : X ′ → X be a morphism in X . Let τ respectively τ ′ denote the
coherence 2-cells for the pseudo natural transformation φX′,− respectively φ−,FX .
We must show that we have a 2-cell
X ′
ηX′ //
f

GFX ′
GFf
x  yy
yy
yy
yy
yy
yy
X ηX
// GFX
in X which is natural in f and satisfies the coherences involving δ and γ. Since φ
is pseudo natural in each variable we have the diagram
MorA(FX
′, FX ′)
(Ff)∗ //
φX′,FX′

MorA(FX
′, FX)
φX′,FX

MorA(FX,FX)
φX,FX

(Ff)∗oo
MorX (X
′, GFX ′)
(GFf)∗
//
τFX′,FX (Ff)
3;oooooooooooooooooooooo
oooooooooooooooooooooo
MorX (X
′, GFX) MorX (X,GFX)
f∗
oo
τ ′
X,X′
(fop)
ck OOOOOOOOOOOOOOOOOOOOOO
OOOOOOOOOOOOOOOOOOOOOO
in Cat. By chasing 1FX′ and 1FX from the upper corners of this diagram to the
center and then down we see that they both get mapped to φX′,FX(Ff). Chasing
the identities in the opposite directions and evaluating the natural transformations
at the identities yields a diagram of 2-cells in X .
(GFf) ◦ ηX′
τFX′,FX(Ff)(1FX′ ) +3φX′,FX(Ff) ηX ◦ f
τ ′
X,X′
(fop)(1FX )
ks
These 2-cells are invertible by hypothesis. Let τ˜X′,X(f) denote the composition
from left to right obtained by inverting the second 2-cell. τ˜X′,X is natural in f
because the constituents are natural in f . The coherence 2-cells τ˜ satisfy the
coherences with δ and γ from GF also because the individual constituents do.
Hence
X ′
ηX′ //
f

GFX ′
τ˜X′,X(f)
u} ss
ss
ss
ss
ss
ss
ss
ss
ss
s
ss
ss
ss
ss
ss
ss
ss
ss
ss
s
GFf

X ηX
// GFX
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is natural in f and satisfies the required coherences, so X 7→ ηX is a pseudo natural
transformation.
Thus we have seen that given a biadjunction φ we get a pseudo natural trans-
formation η whose arrows are biuniversal arrows. Now we consider the converse of
this statement.
Lemma 9.13. Let X and A be 2-categories. Let X
F //A
G
oo be pseudo functors
between 2-categories. Let η : 1X ⇒ GF be a pseudo natural transformation such
that each arrow ηX : X → G(FX) is a biuniversal arrow from X to G. Define
φX,A(f) := Gf ◦ ηX for each f : FX → A and φX,A(γ) := Gγ ∗ iηX for each
γ : f ⇒ f ′. Then φX,A : MorA(FX,A) → MorX (X,GA) is an equivalence of
categories for all X ∈ Obj X and all A ∈ Obj A.
Proof: The functor φX,A is an equivalence since ηX is a biuniversal arrow.
Lemma 9.14. Let X and A be 2-categories. Let X
F //A
G
oo be pseudo functors
between 2-categories. Let η : 1X ⇒ GF be a pseudo natural transformation such
that each ηX : X → G(FX) is a biuniversal arrow from X to G. Let φX,A be defined
as in Lemma 9.13 above. Then for fixed A ∈ Obj A the assignment Obj X op ∋ X 7→
φX,A denoted φ−,A is pseudo natural.
Proof: Let A ∈ Obj A be a fixed object throughout this proof. Let F¯ :
X op → Cat denote the pseudo functor obtained by holding A fixed in the top row
in the definition of biadjunction. This means F¯ (X) = MorA(FX,A), F¯ (f
op) =
(Ff)∗, and for α : fop ⇒ (f ′)op in X the natural transformation F¯ (α) : (Ff)∗ ⇒
(Ff ′)∗ is h 7→ ih ∗Fα. Note that the morphisms of X op are formally the opposites
of morphisms of X , but the 2-cells of X op are precisely the same as the 2-cells
in X . The vertical composition is the same in both X op and X , although the
horizontal compositions are switched. The pseudo functor F¯ is the composition of
a pseudo functor and a strict functor. For morphisms X
f //Y
g //Z in X we
have γF¯gop,fop : h 7→ ih ∗ γ
F
f,g and for X ∈ Obj X
op we have δF¯X∗ : h 7→ ih ∗ δ
F
X∗ by
the rules for composition of pseudo functors. Then γF¯gop,fop : F¯ (f
op) ◦ F¯ (gop) ⇒
F¯ (fop ◦ gop) and δF¯X∗ : 1F¯X ⇒ F¯ (1X). Let G¯ denote the strict 2-functor obtained
by holding A fixed in the bottom row in the definition of biadjunction. This means
G¯(X) = MorX (X,GA), G¯(f
op) = f∗, and for α : fop ⇒ (f ′)op in X the natural
transformation G¯(α) : G¯(fop)⇒ G¯((f ′)op) is the natural transformation h 7→ ih∗α.
The 2-functor G¯ is the composition of two strict 2-functors and is therefore strict.
In order to prove that φ−,A is a pseudo natural transformation from F¯ to G¯
we must display coherence 2-cells τ ′ up to which φ−,A is natural and prove that
they satisfy the coherences involving δ and γ. Now we describe this τ ′ and later
prove the coherences. Let τ˜ denote the coherence 2-cells which make η : 1X ⇒ GF
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pseudo natural, i.e. for all f : X → Y in X we have
X
ηX //
f

GFX
GFf

τ˜X,Y (f)
u} tt
tt
tt
tt
tt
tt
tt
tt
tt
t
t
tt
tt
tt
tt
tt
tt
tt
t
Y ηY
// GFY
in X . Define a natural isomorphism τ ′fop = τ
′
Y,X(f
op) : G¯(fop) ◦ φY,A ⇒ φX,A ◦
F¯ (fop) by h 7→ (γGFf,h ∗ iηX )⊙ (iGh ∗ (τ˜X,Y (f))
−1) for h ∈MorA(FY,A) as in the
following diagram.
X
ηX //
f

GFX
τ˜X,Y (f)
u} tt
tt
tt
tt
tt
tt
tt
tt
tt
t
tt
t
tt
tt
t
tt
tt
t
tt
t
GFf

GFX
G(h◦Ff)

Y ηY
// GFY
Gh

GA
γGFf,h

=E


GA
The map τ ′Y,X(f
op) is a natural transformation because γGFf,h is natural in h. The
assignment fop 7→ τ ′Y,X(f
op) is also natural for a similar reason.
We claim that τ ′ satisfies the unit axiom for pseudo natural transformations.
We must show that the diagram of 2-cells in Cat
(9.13) φX,A 1G¯X ◦ φX,A G¯(1X) ◦ φX,A
τ ′
1
op
X

φX,A ◦ 1F¯X
iφX,A∗δ
F¯
X∗
+3 φX,A ◦ F¯ (1X)
commutes for all X ∈ Obj X . After we evaluate this diagram on a morphism
h : FX → A of A we obtain the diagram of 2-cells
(9.14) Gh ◦ ηX Gh ◦ ηX Gh ◦ ηX ◦ 1X
iGh∗(τ˜X,X (1X))
−1

Gh ◦GF1X ◦ ηX
γGF1X,h
∗iηX

G(h ◦ 1FX) ◦ ηX
G(ih∗δ
F
X∗)∗iηX
+3 G(h ◦ F (1X)) ◦ ηX
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in X . Since η : 1X ⇒ GF is a pseudo natural transformation from the strict 2-
functor to the composition G ◦F of pseudo functors, its unit axiom for τ˜ simplifies
to the following commutative diagram.
1GFX ◦ ηX
(G(δFX∗)⊙δ
G
FX∗)∗iηX +3
TTT
TTT
TTT
TTT
TTT
TTT
TTT
TTT
TTT
TTT
TTT
TTT
TTT
TTT
TTT
TTT
GF1X ◦ ηX
τ˜X,X (1X)

ηX ◦ 1X
Hence (τ˜X,X(1X))
−1 = (G(δFX∗) ⊙ δ
G
FX∗) ∗ iηX as 2-cells. Note also that δ
GF
X∗ =
(G(δFX∗)⊙δ
G
FX∗) by the definition of composition of pseudo functors. Using this, we
see that diagram (9.14) becomes the outermost rectangle of the following diagram.
Gh ◦ 1GFX ◦ ηX
iGh∗δ
GF
X∗ ∗iηX +3
iGh∗iηX

iGh∗δ
G
FX∗∗iηX
%-SS
SSS
SSS
SSS
SSS
SSS
SSS
S
SSS
SSS
SSS
SSS
SSS
SSS
SSS
Gh ◦GF1X ◦ ηX
γGF1X,h
∗iηX

Gh ◦G1FX ◦ ηX
iGh∗G(δ
F
X∗)∗iηX
19kkkkkkkkkkkkkkkkkkkkk
kkkkkkkkkkkkkkkkkkkkk
γG1FX,h
∗iηX
qy kkkk
kkk
kkk
kkk
kkk
kkk
kk
kkk
kkk
kkk
kkk
kkk
kkk
kkk
G(h ◦ 1FX) ◦ ηX
G(ih∗δ
F
X∗)∗iηX
+3 G(h ◦ F1X) ◦ ηX
The upper left vertex of this diagram is the upper right vertex of diagram (9.14)
and the composition of the top arrow and right vertical arrow of this diagram is the
right vertical arrow of diagram (9.14). The top triangle of this diagram commutes
by definition. The left triangle commutes by the unit axiom of the pseudo functor
G applied to the morphism h : FX → A of A. The right quadrilateral commutes
by the naturality of γG−,h and because G(ih ∗ δ
F
X∗) = iGh ∗G(δ
F
X∗). The morphism
ηX and the 2-cell iηX just tag along. Hence the outermost rectangle commutes
and diagram (9.14) commutes. This implies that diagram (9.13) commutes. We
conclude that τ ′ satisfies the unit axiom required for φ−,A to be a pseudo natural
transformation.
We claim that τ ′ satisfies the composition axiom required for φ−,A to be a
pseudo natural transformation. We must prove for all morphisms X
f //Y
g //Z
of X , i.e. for all morphisms Z
gop //Y
fop //X of X op, the diagram of 2-cells in Cat
(9.15)
G¯(fop) ◦ G¯(gop) ◦ φZ,A +3

G¯(fop) ◦ φY,A ◦ F¯ (gop) +3 φX,A ◦ F¯ (fop) ◦ F¯ (gop)

G¯(fop ◦ gop) ◦ φZ,A +3 φX,A ◦ F¯ (fop ◦ gop)
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commutes. More precisely the diagram of 2-cells in Cat
(9.16)
f∗ ◦ g∗ ◦ φZ,A
if∗∗τ
′
gop +3 f∗ ◦ φY,A ◦ (Fg)∗
τ ′fop∗i(Fg)∗ +3 φX,A ◦ (Ff)∗ ◦ (Fg)∗
iφX,A∗γ
F¯
gop,fop

(g ◦ f)∗ ◦ φZ,A
τ ′fop◦gop
+3 φX,A ◦ (F (g ◦ f))∗
must commute. We evaluate this diagram on a morphism h : FZ → A of A, fill
in the diagram with more vertices, and cut the result down the middle column to
get the left respectively right half on page 97. These are diagrams of 2-cells in
X . Subdiagram (I) commutes by the composition axiom applied to the morphisms
X
f //Y
g //Z for the pseudo natural transformation η : 1X ⇒ GF with its
coherence 2-cells τ˜ . Subdiagram (II) commutes by the composition axiom applied
to the morphisms Ff, Fg, h for the pseudo functor G with its coherence 2-cells γG.
The fifth arrow which is an equality symbol was only drawn for convenience. Sub-
diagram (III) commutes by the naturality of γG. All other subdiagrams commute
by definition or by the interchange law. Therefore the outermost rectangle com-
mutes when we put the two halves together. This outermost rectangle is diagram
(9.16) evaluated on the morphism h : FZ → A of A. Hence (9.16) and (9.15)
commute. We conclude that τ ′ satisfies the composition axiom required for φ−,A
to be a pseudo natural transformation.
Since φ−,A with coherence 2-cells τ
′ satisfies the unit axiom and composition
axiom for pseudo natural transformations we conclude that φ−,A is a pseudo natural
transformation for fixed A ∈ Obj A.
Lemma 9.15. Let X and A be 2-categories. Let X
F //A
G
oo be pseudo functors
between 2-categories. Let η : 1X ⇒ GF be a pseudo natural transformation such
that each ηX : X → G(FX) is a biuniversal arrow from X to G. Let φX,A be defined
as in Lemma 9.13 above. Then for fixed X ∈ Obj X the assignment Obj A ∋ A 7→
φX,A denoted φX,− is pseudo natural.
Proof: Let X be a fixed object of the 2-category X throughout the proof.
We introduce new pseudo functors F¯ and G¯ different from those in the previous
proof. Let F¯ : A → Cat be the strict 2-functor obtained by fixing X in the top row
in the definition of biadjunction. This means F¯ (A) = MorA(FX,A), F¯ (f) = f∗,
and for α : f ⇒ f ′ we have F¯ (α) is the natural transformation e 7→ α ∗ ie. The
2-functor F¯ is strict because it is the composition of two strict 2-functors. Similarly
let G¯ : A → Cat be the pseudo functor obtained by fixing X in the bottom row of
the definition of biadjunction. This means G¯(A) = MorX (X,GA), G¯(f) = (Gf)∗,
and for α : f ⇒ f ′ we have G¯(α) is the natural transformation e 7→ G(α) ∗ ie. The
pseudo functor G¯ is pseudo because it is the composition of a pseudo functor and a
strict functor. The definition of composition of pseudo functors then says that the
coherence 2-cells for G¯ are γG¯f,g : e 7→ γ
G
f,g ∗ie for morphisms f, g of A such that g◦f
exists and δG¯A∗ : e 7→ δ
G
A∗ ∗ ie for A ∈ Obj A. These are natural transformations, i.e.
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Gh ◦ ηZ ◦ g ◦ f
τ ′gop (h)∗if +3
iGh∗(τ˜Y,Z(g))
−1∗if
$,Q
QQQ
QQQ
QQQ
QQQ
QQQ
QQ
QQQ
QQQ
QQQ
QQQ
QQQ
QQQ
G(h ◦ Fg) ◦ ηY ◦ f
Gh ◦GFg ◦ ηY ◦ f
γGFg,h∗iηY ∗if
19llllllllllllllllllll
llllllllllllllllllll
iGh∗iGFg∗(τ˜X,Y (f))
−1
%-R
RRR
RRR
RRR
RRR
RRR
RRR
R
RRR
RRR
RRR
RRR
RRR
RRR
RR
(I) Gh ◦GFg ◦GFf ◦ ηX
iGh∗γ
G
Ff,Fg∗iηX

iGh∗γ
GF
f,g
 
Gh ◦G(Fg ◦ Ff) ◦ ηX
iGh∗G(γ
F
f,g)∗iηX

Gh ◦ ηZ ◦ g ◦ f
iGh∗(τ˜X,Z(g◦f))
−1
+3
iGh∗(τ˜Y,Z(g))
−1∗if
?G


Gh ◦GF (g ◦ f) ◦ ηX
G(h ◦ Fg) ◦ ηY ◦ f
τ ′fop (h◦Fg) +3
iG(h◦Fg)∗(τ˜X,Y (f))
−1
$,R
RRR
RRR
RRR
RRR
RRR
RRR
RRR
RRR
RRR
RRR
RRR
RRR
R
G(h ◦ Fg ◦ Ff) ◦ ηX
G(ih∗γ
F
f,g)∗iηX

G(h ◦ Fg) ◦GFf ◦ ηX
γGFf,h◦Fg∗iηX
2:mmmmmmmmmmmmmmmmmm
mmmmmmmmmmmmmmmmmm
(II)
Gh ◦GFg ◦GFf ◦ ηX
iGh∗γ
G
Ff,Fg∗iηX

γGFg,h∗iGFf∗iηX
2:lllllllllllllllllll
lllllllllllllllllll
G(h ◦ Fg ◦ Ff) ◦ ηX
{{{{{{{{{{{{{{{{{{{{{{{{{{{{
Gh ◦G(Fg ◦ Ff) ◦ ηX
γGFg◦Ff,h∗iηX
2:lllllllllllllllllll
lllllllllllllllllll
iGh∗G(γ
F
f,g)∗iηX

(III)
Gh ◦GF (g ◦ f) ◦ ηX
γGF (g◦f),h∗iηX
+3 G(h ◦ F (g ◦ f)) ◦ ηX
2-cells in Cat, such that γG¯f,g : G¯(g) ◦ G¯(f) ⇒ G¯(g ◦ f) and δ
G¯
A∗ : 1G¯(A) ⇒ G¯(1A).
They are natural in f and g and they satisfy the required coherences for a pseudo
functor.
We must show that φX,− is a pseudo natural transformation from F¯ to G¯. In
other words we must display coherence 2-cells τ up to which φX,− is natural and
satisfy the coherence diagrams involving γ and δ from F¯ and G¯. For morphisms
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k : A→ A′ of A define τA,A′(k) : e 7→ γGe,k ∗ iηX to fill in the diagram
MorA(FX,A)
φX,A //
k∗

MorX (X,GA)
(Gk)∗

τA,A′ (k)
s{ nnn
nnn
nnn
nnn
nnn
nn
nnn
nnn
nnn
nnn
nnn
nn
MorA(FX,A
′)
φX,A′
// MorA(X,GA′)
whose vertices are F¯ (A), G¯(A), G¯(A′), and F¯ (A′) read clockwise. The map τA,A′(k)
is a natural transformation (2-cell in Cat) between the indicated functors because
γGe,k is natural in e. The assignment MorA(A,A
′) ∋ k 7→ τA,A′(k) is a natural
transformation (◦φX,A) ◦ G¯⇒ (φX,A′◦) ◦ F¯ because γGe,k is natural in k. Hence this
family τ of natural transformations provides us with a candidate for the coherence
2-cells to make φX,− into a pseudo natural transformation.
We claim that τ satisfies the unit axiom for pseudo natural transformations.
This requires a proof that the diagram of 2-cells in Cat
φX,A
iφX,A +3 1G¯A ◦ φX,A
δG¯A∗∗iφX,A +3 G¯(1A) ◦ φX,A
τ1A

φX,A ◦ 1F¯A φX,A ◦ F¯ (1A)
commutes for all A ∈ Obj A. Evaluating this diagram on a morphism e : FX → A
of A results in the diagram of 2-cells
Ge ◦ ηX
YYYYY
YYYYY
YYYYY
YYYYY
YYYYY
YYYYY
YYYYY
YYYYY
YYYY
YYYYY
YYYYY
YYYYY
YYYYY
YYYYY
YYYYY
YYYYY
YYYYY
YYYY
1GA ◦Ge ◦ ηX
δGA∗∗iGe∗iηX +3 G(1A) ◦Ge ◦ ηX
γGe,1A
∗iηX

G(1A ◦ e) ◦ ηX
in X which commutes because of the unit axiom for the pseudo functor G. Hence
τ satisfies the unit axiom for pseudo natural transformations.
We claim that τ satisfies the composition axiom for pseudo natural transfor-
mations. This requires us to prove for all morphisms A
f //B
g //C in A that
the diagram of 2-cells in Cat
G¯g ◦ G¯f ◦ φX,A
iG¯g∗τf +3
γG¯f,g∗iφX,A

G¯g ◦ φX,B ◦ F¯ f
τg∗iF¯ f +3 φX,C ◦ F¯ g ◦ F¯ f
G¯(g ◦ f) ◦ φX,A τg◦f
+3 φX,C ◦ F¯ (g ◦ f)
commutes. Evaluating this diagram on a morphism e : FX → A of A results in
the diagram of 2-cells
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Gg ◦Gf ◦Ge ◦ ηX
iGg∗γ
G
e,f∗iηX
+3
γGf,g∗iGe∗iηX

Gg ◦G(f ◦ e) ◦ ηX
γGf◦e,g∗iηX
+3 G(g ◦ f ◦ e) ◦ ηX
G(g ◦ f) ◦G(e) ◦ ηX
γGe,g◦f∗iηx
+3 G(g ◦ f ◦ e) ◦ ηX
in X , which commutes by the composition axiom for the pseudo functor G applied
to FX
e //A
f //B
g //C . Hence τ satisfies the composition axiom for pseudo
natural transformations.
We conclude that φX,− is a pseudo natural transformation from F¯ to G¯ with
coherence 2-cells defined by τ .
Now we can finally state and prove the two main theorems of this chapter.
Theorem 9.16. Let X and A be 2-categories. Let X
F //
A
G
oo be pseudo
functors. Then F is a left biadjoint for G if and only if there exists a pseudo natural
transformation η : 1X ⇒ GF such that ηX : X → G(FX) is a biuniversal arrow
for all X ∈ Obj X .
Proof: This follows immediately from the previous lemmas.
Theorem 9.17. Let X and A be 2-categories. Let X A
Goo be a pseudo
functor. Then there exists a left biadjoint for G if and only if for every object X ∈
Obj X there exists an object R ∈ Obj A and a biuniversal arrow ηX : X → G(R)
from X to G.
Proof: By Lemma 9.11, the existence of a left biadjoint implies the existence
of such a biuniversal arrow. Now we prove the other direction. Suppose we have
such a biuniversal arrow for each X ∈ Obj X . Define FX := R. The object
R ∈ Obj A of course depends on X . For X ∈ Obj X and A ∈ Obj A let φX,A :
MorA(FX,A) → MorX (X,GA) denote the functor f ′ 7→ Gf ′ ◦ ηX and α 7→
Gα ∗ iηX . Let ψX,A : MorX (X,GA) → MorA(FX,A) denote a right adjoint
equivalence, which exists because ηX is a biuniversal arrow. Let µX,A : φX,A ◦
ψX,A ⇒ 1MorX (X,GA) denote a counit for these adjoint functors. All of this implies
that for any morphism f : X → GA there exists a morphism f ′ := ψX,A(f) and a
2-cell µX,A(f) as in the diagram.
X
ηX // G(FX)
Gf ′

µX,A(f)
t|
FX
f ′

X
f
// GA A
Moreover, this 2-cell µX,A(f) is a universal arrow from the functor φX,A ◦ ψX,A to
the object f because all of the arrows of the counit of an adjunction are universal.
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This means that for any other morphism f¯ ′ : FX → A and 2-cell ν as in the
diagram
X
ηX // G(FX)
Gf¯ ′

ν
t| rrr
rr
rr
rr
rr
rr
rr
rr
rr
rr
rr
rr
rr
rr
r
FX
f¯ ′

X
f
// GA A
there exists a unique 2-cell ν′ : f¯ ′ ⇒ f ′ such that the following diagram commutes.
f¯ ′
ν′

Gf¯ ′ ◦ ηX
ν +3
Gν′∗iηX

f
f ′ Gf ′ ◦ ηX
µX,A(f)
+3 f
If ν is iso, this 2-cell ν′ : f¯ ′ ⇒ f ′ is also iso by the comments after Definition 9.4.
The uniqueness and iso property of ν′ will be integral to defining the coherence
isomorphisms and proving the coherence diagrams below.
After setting up this notation, we define a left biadjoint candidate F for G.
We already have F defined for objects X ∈ Obj X above. For any morphism
h : X → Y in X define Fh := ψX,FY (ηY ◦ h). For morphisms h, h′ : X → Y and
any 2-cell α : h ⇒ h′ in X define Fα := ψX,FY (iηY ∗ α). Then the assignment
is obviously a functor on any fixed hom category because of the interchange law
and because ψX,FY preserves identity 2-cells and compositions of 2-cells. To define
the coherence 2-cells δFX we now use the uniqueness described above. Note that
F1X = ψX,FX(ηX ◦ 1X) satisfies the diagram
X
ηX //
1X

GFX
µX,FX(ηX◦1X)
rz
GF1X

FX
F1X

X ηX
// GFX FX
where µX,FX(ηX ◦ 1X) is universal. The arrow 1FX satisfies
X
ηX //
1X

GFX
(δGFX∗)
−1∗iηX
rz lll
lll
lll
lll
lll
lll
lll
lll
lll
lll
lll
lll
lll
lll
G1FX

FX
1FX

X ηX
//
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since G is a pseudo functor. Let δFX∗ : 1FX ⇒ F1X be the unique 2-cell whose
φX,FX image factors (δ
G
FX∗)
−1 ∗ iηX .
(9.17) 1FX
δFX∗

G1FX ◦ ηX
(δGFX∗)
−1∗iηX +3
G(δFX∗)∗iηX

1GFX ◦ ηX
F1X GF1X ◦ ηX
µX,FX(ηX◦1X )
+3 ηX ◦ 1X
It exists by the universality of µX,FX(ηX ◦ 1X). The 2-cell δFX∗ : 1FX ⇒ F1X is
iso because (δGFX∗)
−1 ∗ iηX is iso. To define γ
F
f,g for X
f //Y
g //Z in X we
similarly use the uniqueness. Note that F (g ◦ f) = ψX,FZ(ηZ ◦ g ◦ f) satisfies the
diagram
X
f

ηX // GFX
GF (g◦f)

µX,FZ (ηZ◦g◦f)

FX
F (g◦f)

Y
g

Z ηZ
// GFZ FZ
where the 2-cell µX,FZ(ηZ ◦ g ◦ f) is universal. The arrow Fg ◦ Ff satisfies
(9.18) X
f

ηX // GFX
GFf

µX,FY (ηY ◦f)
y
GFX
G(Fg◦Ff)

(γGFf,Fg)
−1






































	 




































FX
Ff

Fg◦Ff
		
Y
g

ηY // GFY
GFg

µY,FZ(ηZ◦g)
y
FY
Fg

Z ηZ
// GFZ GFZ FZ
since G is a pseudo functor. Let γFf,g : Fg ◦ Ff ⇒ F (g ◦ f) be the unique 2-cell
whose φX,FZ image factors the composition of the 2-cells in (9.18) as follows.
(9.19) Fg ◦ Ff
γFf,g

G(Fg ◦ Ff) ◦ ηX +3
G(γFf,g)∗iηX

ηZ ◦ g ◦ f
F (g ◦ f) GF (g ◦ f) ◦ ηX
µX,FZ(ηZ◦g◦f)
+3 ηZ ◦ g ◦ f
The top horizontal 2-cell in the previous diagram is the composition of the 2-cells
in (9.18). The 2-cell γFf,g : Fg ◦ Ff ⇒ F (g ◦ f) is iso because the composition of
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2-cells in (9.18) is iso. Thus we have completely defined a left biadjoint candidate
F for G. Now we must show that the 2-cells do what they should in order for F to
be a pseudo functor.
We claim that γF is natural in its two variables. We must show for morphisms
X
fi //Y
gi //Z in X and 2-cells α : f1 ⇒ f2 and β : g1 ⇒ g2 in X that
(9.20) Fg1 ◦ Ff1
γFf1,g1 +3
Fβ∗Fα

F (g1 ◦ f1)
F (β∗α)

Fg2 ◦ Ff2
γFf2,g2
+3 F (g2 ◦ f2)
commutes.
Toward this end, consider diagrams (9.21) and (9.22).
(9.21) G(Fg1 ◦ Ff1) ◦ ηX
σ1 +3
G(γFf1,g1 )∗iηX

ηZ ◦ g1 ◦ f1
G(F (g1 ◦ f1)) ◦ ηX
µX,FZ(ηZ◦g1◦f1) +3
GF (β∗α)∗iηX

ηZ ◦ g1 ◦ f1
iηZ ∗β∗α

GF (g2 ◦ f2) ◦ ηX
µX,FZ (ηZ◦g2◦f2)
+3 ηZ ◦ g2 ◦ f2
(9.22) G(Fg1 ◦ Ff1) ◦ ηX
σ1 +3
G(Fβ∗Fα)∗iηX

ηZ ◦ g1 ◦ f1
iηZ ∗β∗α

G(Fg2 ◦ Ff2) ◦ ηX
σ2 +3
G(γFf2,g2 )∗iηx

ηZ ◦ g2 ◦ f2
G(F (g2 ◦ f2)) ◦ ηX
µX,FZ(ηZ◦g2◦f2)
+3 ηZ ◦ g2 ◦ f2
The top horizontal 2-cell σ1 in both diagrams is the composition of the 2-cells in
diagram (9.18) with f, g replaced by f1, g1 respectively. The bottom horizontal 2-
cell in each diagram is µX,FZ(ηZ ◦ g2 ◦ f2). The center horizontal 2-cell σ2 in (9.22)
is the composition of the 2-cells in (9.18) with f, g replaced by f2, g2 respectively.
The top rectangle in (9.21) commutes because it is the analogue of (9.19) for f1, g1.
The bottom rectangle in (9.21) commutes because of the naturality of µX,FZ :
φX,FZ ◦ ψX,FZ ⇒ 1MorX (X,GFZ). Hence the outer rectangle of (9.21) commutes.
The top rectangle of (9.22) commutes because of the naturality of (γG)−1, µX,FY ,
and µY,FZ by comparing with the 2-cells of (9.18). The bottom rectangle of (9.22)
commutes because it is the analogue of (9.19) for f2, g2. Hence the outer rectangle
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of (9.22) commutes. From (9.21) and (9.22) we conclude that both F (β ∗α)⊙γFf1,g1
and γFf2,g2 ⊙ (Fβ ∗Fα) have φX,FZ images which fill in the right diagram of (9.23).
(9.23)
Fg1 ◦ Ff1

G(Fg1 ◦ Ff1) ◦ ηX
(iηZ ∗β∗α)⊙σ1 +3

ηZ ◦ g2 ◦ f2
F (g2 ◦ f2) GF (g2 ◦ f2) ◦ ηX
µX,FZ(ηZ◦g2◦f2)
+3 ηZ ◦ g2 ◦ f2
Since µX,FZ(ηZ ◦ g2 ◦ f2) is universal, we conclude that F (β ∗α)⊙ γFf1,g1 = γ
F
f2,g2
⊙
(Fβ ∗ Fα) and thus γF is natural in its two variables.
We claim that δF and γF satisfy the unit axiom for pseudo functors. Let
X ∈ Obj X and let f : X → Y be a morphism in X . We must show that γF1X ,f =
(iFf ∗ δFX∗)
−1. By definition, γF1X ,f is the unique 2-cell Ff ◦F1X ⇒ F (f ◦ 1X) such
that the composition of 2-cells
(9.24) X
ηX //
iηX

GFX
G(Ff◦F1X) //
G(γF1X,f
)

GFY
X ηX
// GFX
µX,FY (ηY ◦f◦1X )

GF (f◦1X )
// GFY
X
f◦1X
// Y ηY
// GFY
is the same as the composition of 2-cells
(9.25) X
ηX //
iηX

GFX
G(Ff◦F1X) //
(γGF1X,Ff
)−1

GFY
X ηX
// GFX
GF1X //
µX,FX(ηX◦1X )

GFX
GFf //
iGFf

GFY
X
1X //
i1X

X ηX
// GFX
µX,FY (ηY ◦f)

GFf
// GFY
X
1X
// X
f
// Y ηY
// GFY
where universal 2-cells are drawn with dotted double arrows for clarity. We show
that (iFf ∗ δFX∗)
−1 is a 2-cell with this defining property for γF1X ,f .
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Since γG is natural we can rewrite the first horizontal 2-cell composition in
(9.25) as the composition of the first three 2-cells in the equal diagram (9.26).
(9.26) X
ηX //
iηX

GFX
G(Ff◦F1X) //
G((iFf∗δ
F
X∗)
−1)

GFY
X
ηX //
iηX

GFX
G(Ff◦1FX) //
(γG1FX,Ff
)−1

GFY
X
ηX //
iηX

GFX
GFf◦G1FX //
G(iFf )∗G(δ
F
X∗)

GFY
X ηX
// GFX
GF1X //
µX,FX(ηX◦1X )

GFX
GFf //
iGFf

GFY
X
1X //
i1X

X ηX
// GFX
µX,FY (ηY ◦f)

GFf
// GFY
X
1X
// X
f
// Y ηY
// GFY
By the unit axiom for G, the definition of δFX∗ in (9.17), and the interchange law
we see that the second horizontal composition in (9.26) is
(γG1FX ,Ff )
−1 ∗ iηX = iGFf ∗ δ
G
FX∗ ∗ iηX
= iGFf ∗ (µX,FX(ηX ◦ 1X)⊙ (G(δ
F
X∗) ∗ iηX ))
−1
= (G(iFf ) ∗G(δ
F
X∗)
−1 ∗ iηX )⊙ (iGFf ∗ µX,FX(ηX ◦ 1X))
−1.
Substituting this in (9.26) for (γG1FX ,Ff )
−1 ∗ iηX we see that the second horizontal
composition in (9.26) cancels with the third and the fourth, leaving only
(9.27) X
ηX //
iηX

GFX
G(Ff◦F1X ) //
G((iFf∗δ
F
X∗)
−1)

GFY
X ηX
// GFX
µX,FY (ηY ◦f◦1X)

GF (f◦1X)
// GFY
X
f◦1X
// Y ηY
// GFY
.
We see that the 2-cell compositions of (9.24),(9.25), (9.26), and (9.27) are all equal.
Hence the 2-cell compositions (9.24) and (9.27) are equal and by universality of the
2-cell µX,FY (ηY ◦ f ◦ 1X) we have γF1X ,f = (iFf ∗ δ
F
X∗)
−1. The other half of the
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unit axiom can be verified similarly. We conclude that δF and γF satisfy the unit
axiom for pseudo functors.
We claim that γF satisfies the composition axiom for pseudo functors. Let
W
f //X
g //Y
h //Z be morphisms of X . We must show that
γFf,h◦g = γ
F
g◦f,h⊙ (iFh ∗ γ
F
f,g)⊙ (γ
F
g,h ∗ iFf)
−1. By definition (γFf,h◦g)
−1 is the unique
2-cell F (h ◦ g ◦ f)⇒ F (h ◦ g) ◦ Ff such that the composition of 2-cells
(9.28)
W
ηW //
f

GFW
GFf
u}
GFW
G(F (h◦g)◦Ff)

(γGFf,F (h◦g))
−1
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GFW
GF (h◦g◦f)

G((γFf,h◦g)
−1)





































 



































X
g

ηX // GFX
GF (h◦g)
~
Y
h

Z ηZ
// GFZ GFZ GFZ
is the same as the universal 2-cell µX,FZ(ηZ◦h◦g◦f). For clarity we continue to draw
the universal 2-cells as dotted double arrows. We prove that replacing (γFf,h◦g)
−1 in
(9.28) by (γFg◦f,h⊙(iFh∗γ
F
f,g)⊙(γ
F
g,h∗iFf )
−1)−1 still gives µX,FZ(ηZ ◦h◦g◦f). After
that we conclude γFf,h◦g = γ
F
g◦f,h ⊙ (iFh ∗ γ
F
f,g)⊙ (γ
F
g,h ∗ iFf )
−1 by the universality
of the 2-cell µX,FZ(ηZ ◦ h ◦ g ◦ f). To this end, we claim that the composition
(9.29) W
ηW //
f

GFW
GFf
x 
GFW
G(F (h◦g)◦Ff)

(γGFf,F (h◦g))
−1




































 

































GFW
GF (h◦g◦f)







































 





































X
g

ηX // GFX
GF (h◦g)
	
Y
h

Z ηZ
// GFZ GFZ GFZ
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is the same as µX,FZ(ηZ ◦h◦g ◦f) , where the rightmost 2-cell is G((γFg◦f,h⊙ (iFh ∗
γFf,g) ⊙ (γ
F
g,h ∗ iFf )
−1)−1). We do this by transforming (9.29) to a diagram known
to be µX,FZ(ηZ ◦ h ◦ g ◦ f). The naturality of γG guarantees that
G(Fh ◦ Fg) ◦GFf
γGFf,Fh◦Fg +3
G(γFg,h)∗iGFf

G(Fh ◦ Fg ◦ Ff)
G(γFg,h∗iFf )

GF (h ◦ g) ◦GFf
γGFf,F (h◦g)
+3 G(F (h ◦ g) ◦ Ff)
commutes. Using this commutivity to substitute for (γGFf,F (h◦g))
−1 in (9.29) and
cancelling G(γFg,h ∗ iFf)
−1 ⊙G(γFg,h ∗ iFf ) gives
(9.30)
W
ηW //
f

GFW
GFf
x 
GFW
GFf

iGFf
ww
ww
ww
w
w
w ww
ww
ww
w
w
w
GFW
G(Fh◦Fg◦Ff)

(γGFf,Fh◦Fg)
−1




































 

































GFW
GF (h◦g◦f)







































 





































X
g

ηX // GFX
GF (h◦g)
	
GFX
G(Fh◦Fg)

G(γFg,h)




































  



































Y
h

Z ηZ
// GFZ GFZ GFZ GFZ
where the right 2-cell is G((iFh ∗γFf,g)
−1⊙ (γFg◦f,h)
−1). We have also implicitly used
the fact that G preserves the vertical composition of 2-cells. By the definition of
γFg,h in (9.18) and (9.19), the lower left two rectangles of (9.30) can be rewritten to
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give the equal composition (9.31).
(9.31)
W
ηW //
f

GFW
GFf
x 
GFW
GFf

iGFf
ww
ww
ww
w
w
w
w ww
ww
ww
w
w
w
w
GFW
G(Fh◦Fg◦Ff)

(γGFf,Fh◦Fg)
−1




































 

































GFW
GF (h◦g◦f)







































 





































X
g

ηX // GFX
GFg
x 
GFX
G(Fh◦Fg)

(γGFg,Fh)
−1
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Y
h

ηY
// GFY
GFh
x 
Z ηZ
// GFZ GFZ GFZ GFZ
Recall that the composition axiom for the pseudo functor G guarantees the com-
mutivity of the following diagram.
GFh ◦GFg ◦GFf
iGFh∗γ
G
Ff,Fg +3
γGFg,Fh∗iGFf

GFh ◦G(Fg ◦ Ff)
γGFg◦Ff,Fh

G(Fh ◦ Fg) ◦GFf
γGFf,Fh◦Fg
+3 G(Fh ◦ Fg ◦ Ff)
Using this composition axiom for the pseudo functor G we can replace the middle
two columns of 2-cells in (9.31) to get the equal composition (9.32).
(9.32)
W
ηW //
f

GFW
GFf
x 
GFW
G(Fg◦Ff)

(γGFf,Fg)
−1
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GFW
G(Fh◦Fg◦Ff)

(γGFg◦Ff,Fh)
−1





















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






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

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


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














GFW
GF (h◦g◦f)
































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 
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
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
























X
g

ηX // GFX
GFg
x 
Y
h

ηY
// GFY
GFh
x 
GFY
GFh

iGFh
ww
ww
ww
ww
w ww
ww
ww
w
Z ηZ
// GFZ GFZ GFZ GFZ
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In (9.32) the right 2-cell is again G((iFh ∗ γFf,g)
−1 ⊙ (γFg◦f,h)
−1) as in (9.30) and
(9.31). By the definition of γFf,g in (9.18) and (9.19), we can rewrite the upper left
three rectangles of (9.32) to obtain (9.33), which has G((iFh ∗ γFf,g)
−1⊙ (γFg◦f,h)
−1)
as its right 2-cell.
(9.33)
W
ηW //
f

GFW
GF (g◦f)
	
GFW
G(Fg◦Ff)

G(γFf,g)
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GFW
G(Fh◦Fg◦Ff)

(γGFg◦Ff,Fh)
−1




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 

































GFW
GF (h◦g◦f)
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

X
g

Y
h

ηY
// GFY
GFh
x 
GFY
GFh

iGFh
ww
ww
ww
ww
w
w
w
w
w ww
ww
ww
w
Z ηZ
// GFZ GFZ GFZ GFZ
The naturality of γG implies that the diagram
GFh ◦G(Fg ◦ Ff)
γGFg◦Ff,Fh +3
G(iFh)∗G(γ
F
f,g)

G(Fh ◦ Fg ◦ Ff)
G(iFh∗γ
F
f,g)

GFh ◦G(F (g ◦ f))
γGF (g◦f),Fh
+3 G(Fh ◦ F (g ◦ f))
commutes. Using its commutivity, we can rewrite (9.33) by combining its middle
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two columns of 2-cells with G((iFh ∗ γFf,g)
−1) from the last column to get (9.34).
(9.34) W
ηW //
f

GFW
GF (g◦f)
	
GFW
G(Fh◦F (g◦f))

(γGF (g◦f),Fh)
−1




































 

































GFW
GF (h◦g◦f)

G((γFg◦f,h)
−1)




































 

































X
g

Y
h

ηY
// GFY
GFh
x 
Z ηZ
// GFZ GFZ GFZ
But by the definition of γFg◦f,h in (9.18) and (9.19), the composition of 2-cells in
(9.34) is precisely µX,FZ(ηZ ◦ h ◦ g ◦ f). Since the compositions of 2-cells in the
diagrams (9.29) through (9.34) are all equal, we conclude that the composition of
2-cells in (9.29) is µX,FZ(ηZ ◦ h ◦ g ◦ f). We conclude that γFf,h◦g = γ
F
g◦f,h ⊙ (iFh ∗
γFf,g) ⊙ (γ
F
g,h ∗ iFf )
−1 by the universality of µX,FZ(ηZ ◦ h ◦ g ◦ f). Therefore γF
satisfies the composition axiom for pseudo functors.
In summary, we have constructed a pseudo functor F : X → A with natural
coherence 2-cells δF and γF and we have shown that they satisfy the unit axiom
and composition axiom for pseudo functors.
Next we have to show that F is a left biadjoint using Theorem 9.16. By
hypothesis we already have a morphism ηX : X → G(FX) for all X ∈ Obj X . We
claim that the assignment X 7→ ηX is a pseudo natural transformation from 1X
to GF . We need to define the 2-cells up to which η is natural. For a morphism
f : X → Y of X define τf := µX,FY (ηY ◦ f). Then the diagram
X
ηX //
f

GFX
GFf

τf
x  zz
zz
zz
zz
zz
zz
Y ηY
// GFY
illustrates the source and target of the 2-cell. The map f 7→ τf is natural because
µX,FY is a natural transformation. More precisely let α : f1 ⇒ f2 be a 2-cell in X
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and let f1, f2 : X → Y be morphisms in X . Then
(9.35) φX,FY (ψX,FY (ηY ◦ f1))
µX,FY (ηY ◦f1) +3
φX,FY (ψX,FY (iηY ∗α))

ηY ◦ f1
iηY ∗α

φX,FY (ψX,FY (ηY ◦ f2))
µX,FY (ηY ◦f2)
+3 ηY ◦ f2
commutes by the naturality of µX,FY . By the definitions of F , τf1 , and τf2 , diagram
(9.35) is the same as the diagram
(9.36) GFf1 ◦ ηX
τf1 +3
GFα∗iηX

ηY ◦ f1
iηY ∗α

GFf2 ◦ ηX τf2
+3 ηY ◦ f2
which says f 7→ τf is natural. The map f 7→ τf satisfies the unit axiom for
pseudo natural transformations because of (9.17) and the definition of δGF for the
composite pseudo functor GF . The map f 7→ τf satisfies the composition axiom
for pseudo natural transformations because of (9.18) and (9.19), and the definition
of γGF for the composite pseudo functor GF . Hence η : 1X ⇒ GF is a pseudo
natural transformation with coherence 2-cells τ .
By Theorem 9.16, the constructed pseudo functor F is a left biadjoint because
η : 1X ⇒ GF is a pseudo natural transformation such that ηX : X → G(FX) is a
biuniversal arrow for all X ∈ Obj X .
We can summarize the previous two theorems in a way similar to Mac Lane’s
theorem on page 83 of [39] as follows.
Theorem 9.18. A biadjunction 〈F,G, φ〉 : X ⇀ A can be described up to
pseudo natural pseudo isomorphism (defined below) by either of the following data:
(1) Pseudo functors
X
F //
A
G
oo
and a pseudo natural transformation η : 1X ⇒ GF such that each ηX :
X → G(FX) is a biuniversal arrow from X to G. Then φX,A is defined
by φX,A(f) = Gf ◦ ηX .
(2) A pseudo functor G : A → X , for each X ∈ Obj X an object R ∈ A
depending on X, and for each X ∈ Obj X a biuniversal arrow ηX : X →
GR from X to G. Then the pseudo functor F satisfies FX = R on
objects and there is a natural iso 2-cell GFh◦ηX ⇒ η′X ◦h for morphisms
h : X → X ′.
Proof: Uniqueness will be proven below.
Similar things can be formulated for bicounits. From 1-category theory we
know that any two left adjoints to a functor are naturally isomorphic. A similar
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statement can be made for left biadjoints, although we need the concept of pseudo
natural pseudo isomorphism.
Definition 9.19. Let F, F ′ : X → A be pseudo functors. Then a pseudo
natural transformation α : F ⇒ F ′ is called a pseudo natural pseudo isomorphism
or pseudo natural equivalence if there exists a pseudo natural transformation α′ :
F ′ ⇒ F and there exist iso modifications α⊙ α′  1F ′ and α′ ⊙ α 1F .
Theorem 9.20. Let F, F ′ : X → A be left biadjoints for a pseudo functor
G : A → X . Then there exists a pseudo natural pseudo isomorphism α : F ⇒ F ′
Proof: For X ∈ Obj X , let ηX : X → G(FX) and η′X : X → G(F
′X) be the
biuniversal arrows obtained from the biadjunctions as in the theorems above. Then
by Lemma 9.7 there exists a pseudo isomorphism αX : FX → F ′X and a pseudo
inverse α′X : F
′X → FX as well as 2-cells α′X ◦ αX ⇒ 1FX and αX ◦ α
′
X ⇒ 1F ′X .
It can be shown that the assignments X → αX and X → α′X are pseudo natural
and the 2-cells determine modifications α′ ⊙ α 1F and α⊙ α′  1F ′ .
For example, we construct the coherence 2-cell τα up to which α is natural.
For f ∈MorX (X,Y ) we have the following two diagrams.
(9.37) X
f

ηX // GFX
GFf

τ
η
f
v~ uu
uu
uu
uu
uu
uu
u
u
uu
uu
u
uu
FX
Ff

Y ηY
// GFY
µ(η′Y )
v~
GαY

FY
αY

Y
η′Y
// GF ′Y F ′Y
(9.38) X
ηX // GFX
µ(η′X )
v~
GαX

FX
αX

X
f

η′X
// GF ′X
τ
η′
f
v~ uu
uu
uu
uu
uu
uu
u
u
uu
uu
uu
uu
GF ′f

F ′X
F ′f

Y
η′Y
// GF ′Y F ′Y
But they can also be filled in as
(9.39) X
ηX // GFX
Gψ(η′Y ◦f)
v~
FX
ψ(η′Y ◦f)

X
η′Y ◦f
// GF ′Y F ′Y
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where the dashed 2-cell is universal. The universality gives us iso 2-cells νf and ν
′
f
as in
F ′f ◦ αX
ν′f +3ψ(η′Y ◦ f) αY ◦ Ff
νfks
whose φ images factor (via the universal 2-cell) the 2-cells in (9.37) and (9.38)
precomposed with the appropriate (γG)−1’s. Define ταf := τf := (νf )
−1 ⊙ ν′f . This
is the coherence 2-cell up to which α will be natural.
A sketch of the naturality of f 7→ τf goes as follows. Let β : f1 ⇒ f2 be a 2-cell
between f1, f2 : X → Y . Then we must show that the outer rectangle of
F ′f1 ◦ αX
ν′f1 +3
F ′β∗iαX

ψ(η′Y ◦ f1)
ψ(iη′
Y
∗β)

αY ◦ Ff1
νf1ks
iαY ∗Fβ

F ′f2 ◦ αX
ν′f2
+3 ψ(η′Y ◦ f2) αY ◦ Ff2νf2
ks
commutes. We do this by showing that the individual inner squares commute by
applying φ and using the universality and the fact that µ is a natural isomorphism.
It also involves the naturality of the γG’s.
We can also show that τ satisfies the composition and unit axiom, although it
is lengthy. Lastly we must verify that the 2-cell assignments at the start actually
give modifications α′ ⊙ α 1F and α⊙ α′  1F ′ .
Thus, any two left biadjoints are pseudo naturally pseudo isomorphic.
There is a relationship between bi(co)limits and biadjoints, just like for (co)limits
and adjoints.
Remark 9.21. Let C be a 2-category which admits bicolimits and bilimits and
let J be a 1-category. Let CJ be the 2-category with objects pseudo functors
J → C, morphisms pseudo natural transformations, and 2-cells the modifications.
Let ∆ : C → CJ be the diagonal 2-functor. Then bicolim : CJ → C is a left
biadjoint for ∆ and the arrows of the biunit constructed in Theorem 9.16 are the
universal pseudo cones. Similarly, bilim : CJ → C is a right biadjoint for ∆ and
the arrows of the bicounit are the universal pseudo cones.
CHAPTER 10
Forgetful 2-Functors for Pseudo Algebras
Next we show that forgetful 2-functors for pseudo algebras admit left biadjoints.
Let us consider the strict case as an example of what we do below. Let S be
the theory of abelian groups and let T be the theory of rings. Then we have an
inclusion S →֒ T . Let X be a discrete T -algebra, i.e. X is a set and we have a
morphism of theories T → End(X). Then X can be made into an S-algebra by
the composite map of theories S →֒ T → End(X). This precomposition with the
inclusion arrow forgets the ring structure on the set X and results in the underlying
abelian group. This precomposition with the inclusion defines the forgetful functor
from the category of rings to the category of abelian groups. It admits a left adjoint
which is the appropriate free functor. Similarly, for any morphism of theories S → T
we have a forgetful 2-functor from pseudo T -algebras to pseudo S-algebras and this
2-functor admits a left biadjoint. Blackwell, Kelly, and Power have shown that left
biadjoints exist for the analogous 2-functors on 2-categories of strict algebras over
2-monads with pseudo morphisms in [9]. Lack has given sufficient conditions in [33]
under which the inclusion of strict algebras over a 2-monad into pseudo algebras
over the same 2-monad admits a left adjoint whose unit has components that are
equivalences. In such cases, every pseudo algebra over the 2-monad is equivalent
to a strict algebra over the 2-monad. Yanofsky has also studied quasiadjoints to
forgetful 2-functors induced by morphisms of 2-theories in [54], although his 2-
theories are different from those of [25], [26], [27], and Chapter 13.
Definition 10.1. Let φ : S → T be a morphism of theories and let X be a
pseudo T -algebra with structure maps Ψn : T (n) → End(X)(n). Let UX be the
pseudo S-algebra which has X as its underlying category and S structure maps de-
fined by Ψn(φ(w)) : X
n → X for w ∈ S(n). Defining U analogously for morphisms
and 2-cells of the 2-category of pseudo T -algebras yields a strict 2-functor U from
the 2-category of pseudo T -algebras to the 2-category of pseudo S-algebras called
the forgetful 2-functor associated to φ.
To show that the forgetful 2-functor associated to φ admits a left biadjoint, we
need to find a biuniversal arrow of the following type: given a pseudo S-algebra X
there should exist a pseudo T -algebra R and a biuniversal arrow ηX : X → UR in
the category of pseudo S-algebras. We define this R now.
Notation 10.2. Let T be a theory. Let T ′ denote the free theory on the
sequence of sets T (0), T (1), . . . underlying the theory T . The category Alg′ is the
category whose objects are small T ′-algebras and whose morphisms are morphisms
of strict T ′-algebras. Let Obj Graph′ be the collection of small directed graphs
whose object sets are discrete T ′-algebras. Let Mor Graph′ be the collection of
morphisms of directed graphs whose object components are morphisms of discrete
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T ′-algebras. Then Graph′ is a category. We denote by V ′ the left adjoint to the
forgetful functor V : Alg′ → Graph′.
The forgetful functor V : Alg′ → Graph′ admits a left adjoint V ′ : Graph′ →
Alg′ by Freyd’s Adjoint Functor Theorem. The functor V ′ is similar to taking the
free category on a directed graph, except the resulting category is also a T ′-algebra.
The objects of the underlying directed graph of V ′Y and the objects of the directed
graph Y are the same.
Definition 10.3. Let φ : S → T be a morphism of theories. Let X be a pseudo
S-algebra with structure maps Ψn : S(n)→ End(X)(n). We define the free pseudo
T -algebra R on the pseudo S-algebra X associated to φ via intermediate steps RG′
and R′ as follows. Let Obj RG′ be the (discrete) free T
′-algebra on the discrete
category Obj X and let Mor RG′ be the collection of the following arrows:
(1) For every n ∈ N, for all words w ∈ T (n), w1 ∈ T (m1), . . . , wn ∈ T (mn),
and for all objects A11, . . . , A
1
m1
,A21, . . . , A
2
m2
, . . . , An1 , . . . , A
n
mn
∈ Obj RG′
there are arrows
cw,w1,...,wn(A
1
1, . . . , A
n
mn
) :
w ◦ (w1, . . . , wn)(A11, . . . , A
n
mn
) //w(w1(A11, . . . , A
1
m1
), . . . , wn(A
n
1 , . . . , A
n
mn
))
c−1w,w1,...,wn(A
1
1, . . . , A
n
mn
) :
w(w1(A
1
1, . . . , A
1
m1
), . . . , wn(A
n
1 , . . . , A
n
mn
)) //w ◦ (w1, . . . , wn)(A11, . . . , A
n
mn
) .
Here w◦(w1, . . . , wn) is the composition in the original theory T . The tar-
get w(w1(A
1
1, . . . , A
1
m1
), . . . , wn(A
n
1 , . . . , A
n
mn
)) is the result of composing
in the free theory and applying it to the A’s in the free algebra.
(2) For every A ∈ Obj RG′ there are arrows
IA : 1(A) //A
I−1A : A
//1(A) .
Here 1 is the unit of the original theory T .
(3) For every word w ∈ T (m), for every function f : {1, . . . ,m} → {1, . . . , n},
and for all objects A1, . . . , An ∈ Obj RG′ there are arrows
sw,f(A1, . . . , An) : wf (A1, . . . , An) //w(Af1, . . . , Afm)
s−1w,f (A1, . . . , An) : w(Af1, . . . , Afm)
//wf (A1, . . . , An) .
The substituted word wf is the substituted word in the original theory T .
The target w(Af1, . . . , Afm) is the result of substituting in w in the free
theory and then evaluating on the A’s.
(4) For every word w ∈ S(n) and objects A1, . . . , An of X there are arrows
ρηw(A1, . . . An) : Ψ(w)(A1, . . . , An) //φ(w)(A1, . . . , An)
ρη−1w (A1, . . . An) : φ(w)(A1, . . . , An)
//Ψ(w)(A1, . . . , An) .
(5) Include also all elements of Mor X .
Then RG′ is an object of Graph
′. Now we apply V ′ to RG′ and we get a category
R′ which is a T ′-algebra. The objects of RG′ and R
′ are the same.
Let K be the smallest congruence on R′ with the following properties:
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(1) All of the relations necessary to make the coherence arrows (including ρηw)
into natural transformations belong to K. For example, if A,B ∈ Obj R′
and f : A→ B is a morphism of R′, then the relation IA ◦ f = 1(f) ◦ IB
belongs to K.
(2) All of the relations necessary to make the coherence arrows (including
ρηw) into isos are in K. For example, for every A ∈ Obj R
′ the relations
IA ◦ I
−1
A = 1A and I
−1
A ◦ IA = 1A are in K.
(3) All of the relations for pseudo algebras listed in Definition 7.1 belong to
K, where the objects range over the objects of R′.
(4) The original composition relations in the category X belong to K.
(5) The coherence diagrams necessary to make the inclusion ηX : X → UR
into a morphism of pseudo S-algebras are in K. These diagrams are
listed in Definition 7.4. Note that these coherence diagrams will involve
the arrows ρηw(A1, . . . , An) : Ψ(w)(A1, . . . , An) → φ(w)(A1, . . . , An) for
w ∈ S(n) and objects A1, . . . , An ∈ Obj X .
(6) If the relations f1 = g1, . . . , fn = gn are in K and w ∈ T ′(n), then the
relation w(f1, . . . , fn) = w(g1, . . . gn) is also in K.
Next mod out by the congruence K in R′ to obtain the quotient category R called
the free pseudo T -algebra on the pseudo S-algebra X associated to φ. We do not
use a capital Greek letter to denote the structure maps of the pseudo T -algebra R.
Instead we write the words directly.
In all of the following lemmas in this chapter we use the notation just introduced
in Definition 10.1, Notation 10.2, and Definition 10.3.
Lemma 10.4. In the notation of the previous definition, the free pseudo T -
algebra R on the pseudo S-algebra X associated to φ is a pseudo T -algebra.
Proof: First we note that R is a (strict) T ′-algebra. The functor from the
word w ∈ T ′(n) induces a functor on the quotient by relation 6 and the composition
and identities in T ′ are preserved. The structure maps have the coherence isos
required of a pseudo T -algebra because of the arrows we threw in. The coherence
isos satisfy the required coherence diagrams because of relations 1 and 2. Hence R
is a pseudo T -algebra.
Lemma 10.5. The inclusion functor denoted ηX : X → UR is a morphism of
pseudo S-algebras.
Proof: The inclusion is a functor because of relation 4. It is a morphism
of pseudo S-algebras because for all w ∈ S(n) the natural transformation ρηw :
ηX ◦Ψ(w)⇒ φ(w)(ηX , . . . , ηX) satisfies the required coherences by the relations in
1. and 5.
Lemma 10.6. For every pseudo T -algebra D and every morphism H : X → UD
of pseudo S-algebras, there exists a morphism H ′ : R → D of pseudo T -algebras
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such that
X
ηX // UR
UH′

R
H′

X
H
// UD D
commutes.
Proof: Let Φ denote the structure maps of the pseudo T -algebra D. As
above, Ψ denotes the structure maps of the pseudo S-algebra X and we suppress
the capital Greek letter when denoting the structure maps of the pseudo T -algebra
R. Note that D is a strict T ′-algebra and we can therefore apply the forgetful
2-functor V : Alg′ → Graph′ to it. We also use Φ to denote the structure maps
of the strict T ′ algebra D. To construct the morphism H ′, we define a morphism
H ′0 : RG′ → VD in Graph
′, which induces a morphism H ′1 : R
′ → D in Alg′ by the
definition of the left adjoint to V . Then we show that H ′1 preserves the congruence
K and therefore induces a functor H ′ : R → D. Lastly we show that H ′ is a
morphism of pseudo T -algebras such that the desired diagram commutes.
We now define a morphism H ′0 : RG′ → V D in Graph
′. Defining H ′0A := HA
for A ∈ Obj X induces a map H ′0 : Obj RG′ → Obj D of discrete T
′ alge-
bras. For f ∈ Mor X define H ′0f := Hf . For every w ∈ S(n) and objects
A1, . . . , An ∈ Obj X let H ′0 map the arrows ρ
η
w(A1, . . . An) : Ψ(w)(A1, . . . , An) →
φ(w)(A1, . . . , An) to the coherence isos ρ
H
w (A1, . . . An) : H(Ψ(w)(A1, . . . , An)) →
Φ(φ(w))(HA1, . . . , HAn). Note that the source and target of ρ
H
w (A1, . . . An) are
equal to H ′0(Ψ(w)(A1, . . . , An)) and H
′
0(φ(w)(A1 , . . . , An)) respectively. Let H
′
0
map the other coherence arrows 1 through 3. to the analogous ones in Mor D with
H0 applied to sources and targets. Thus we have defined a morphism H
′
0 : RG′ →
VD in Graph′.
The morphism H ′0 : RG′ → V D in Graph
′ induces a morphism H ′1 : R
′ → D
of Alg′ by the definition of the left adjoint to V . We claim that H ′1 preserves the
congruence K. It suffices to check the relations 1 through 6. We verify them in
order of the list above.
(1) These are satisfied because the analogous arrows for D and H are natural
transformations and H ′1 maps coherence arrows to coherence arrows.
(2) These are satisfied because the analogous arrows for D and H are isos
and H ′1 maps coherence arrows to coherence arrows.
(3) The target category D is a pseudo T -algebra so these are satisfied.
(4) The functor H preserves the relations of the category X and H ′1 is defined
in terms of H , which implies that these are satisfied.
(5) These are satisfied because ρHw satisfies the coherences and H
′
1(ρ
η
w) = ρ
H
w .
(6) This is by induction. The base case is showing 1 through 5. as was
just done. Suppose the relations f1 = g1, . . . , fn = gn are in K and
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H ′1fi = H
′
1gi for all i = 1, . . . , n. That is our induction hypothesis. Then
H ′1(w(f1, . . . , fn)) = Φ(w)(H
′
1(f1), . . . , H
′
1(fn)) since H
′
1
is a morphism of T ′-algebras
= Φ(w)(H ′1g1, . . . , H
′
1gn) by induction hypothesis
= H ′1(w(g1, . . . , gn)) since H
′
1
is a morphism of T ′-algebras.
ThusH ′1(w(f1, . . . , fn)) = H
′
1(w(g1, . . . , gn)) andH
′
1 satisfies this relation.
SinceH ′1 satisfies the relations, we conclude that H
′
1 : R
′ → D induces a functor
H ′ : R→ D such that H ′1 = H
′◦Q where Q : R′ → R is the projection functor onto
the quotient category. The functor H ′ : R→ D is a morphism of strict T ′-algebras
because for w ∈ T ′(n), A1, . . . , An ∈ Obj R, and for morphisms f1, . . . , fn ∈Mor R
we have
H ′(w(A1, . . . , An)) = H
′
1(w(A1, . . . , An))
= Φ(w)(H ′1A1, . . . , H
′
1An)
= Φ(w)(H ′A1, . . . , H
′An)
since H ′1 and H
′ agree on objects. We also have
H ′(w(f1, . . . , fn)) = H
′
1(w(f1, . . . , fn))
= Φ(w)(H ′1f1, . . . , H
′
1fn)
= Φ(w)(H ′f1, . . . , H
′fn)
where H ′1 is actually applied to representatives of w(f1, . . . , fn), f1, . . . , fn. Hence
H ′ is a morphism of strict T ′-algebras and also a morphism of pseudo T -algebras,
since T (n) ⊆ T ′(n) although this inclusion is not necessarily a map of theories.
According to these two demonstrations, the coherence 2-cells for the morphism H ′
of pseudo T -algebras are just identities.
We claim that
X
ηX // UR
UH′

R
H′

X
H
// UD D
commutes. It is sufficient to check this for the underlying functors and the coherence
2-cells. The underlying functor of H ′ is the same as the underlying functor of UH ′.
Let A ∈ Obj X . Then UH ′ ◦ ηX(A) = UH ′(A) = H ′A = HA. Similarly, for
f ∈ Mor X we have UH ′ ◦ ηX(f) = UH ′(f) = H ′f = Hf . Hence the diagram
commutes. The coherence 2-cells also commute because H ′(ρηw) = ρ
H
w and because
the coherence 2-cells of H ′ are identities.
Lemma 10.7. The inclusion morphism ηX : X → UR is a biuniversal arrow
from X to the forgetful 2-functor.
Proof: Let D be a pseudo T -algebra. Let MorS(X,UD) denote the category
of morphisms of pseudo S-algebras from X to UD. Let MorT (R,D) denote the
category of morphisms of pseudo T -algebras from R to D. Let φ : MorT (R,D)→
MorS(X,UD) be the functor defined byH
′ 7→ UH ′◦ηX and γ 7→ Uγ∗iηX . Define a
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functor ψ : MorS(X,UD)→ MorT (R,D) as follows. For H ∈ Obj MorS(X,UD)
let ψH := H ′ where H ′ : R→ D is the morphism of pseudo T algebras constructed
in the previous lemma.
If H, J ∈ Obj MorS(X,UD) and β : H ⇒ J is a 2-cell in the 2-category of
pseudo S-algebras, define ψ(β) = β′ : H ′ ⇒ J ′ inductively as follows. If A ∈ Obj X
then define β′A to make
H ′A
β′A // J ′A
HA
βA
// JA
commute. If w ∈ T ′(n) and β′ is already defined for A1, . . . , An ∈ Obj R, then
β′(w(A1, . . . , An)) := Φ(w)(β
′A1, . . . , β
′An). The following inductive proof shows
that β′ : H ′ ⇒ J ′ is a natural transformation. For f ∈ Mor X the naturality
of β′ is guaranteed by the naturality of β : H ⇒ J . The naturality of β′ for the
coherence isos thrown into the category R during its construction follows because
H ′ and J ′ take coherence isos of R to analogous ones in D and the coherences isos
in D are natural. That concludes the base case for the induction. Now suppose β′
is natural for morphisms fi ∈MorR(Ai, Bi) for i = 1, . . . , n and w ∈ T ′(n). Then
H ′w(A1, . . . , An)
β′w(A1,...,An) //
H′w(f1,...,fn)

J ′w(A1, . . . , An)
J′w(f1,...,fn)

H ′w(B1, . . . , Bn)
β′w(B1,...,Bn)
// J ′w(B1, . . . , Bn)
commutes because w commutes with everything in the diagram by definition and
because we apply the functor Φ(w) to each of the individual naturality diagrams for
fi : Ai → Bi and i = 1, . . . , n. Hence β′ is natural for any morphism in R by this in-
ductive proof. Moreover, the natural transformation commutes appropriately with
ρH
′
and ρJ
′
because they are trivial and β′(w(A1, . . . , An)= Φ(w)(β
′A1, . . . , β
′An).
Hence ψ(β) = β′ is a 2-cell in the 2-category of pseudo T -algebras.
It is routine to check inductively that the assignment ψ : MorS(X,UD) →
MorT (R,D) preserves identities and compositions and is thus a functor.
We claim that ψ is a right adjoint for φ. By the previous lemma φ ◦ψ(H) = H
for all H ∈ Obj MorS(X,UD). We easily see that φ ◦ ψ(β) = β for all β ∈
Mor MorS(X,UD). Hence the counit µ : φ ◦ψ ⇒ 1MorS(X,UD) is the identity nat-
ural transformation, which is of course a natural isomorphism. Next we define a unit
θ : 1MorT (R,D) ⇒ ψ ◦φ. For J
′ ∈MorT (R,D) let H ′ := ψ ◦φ(J ′). Recall that H ′ is
strict, i.e. ρH
′
is trivial, while J ′ may not be strict. We define a 2-cell θ(J ′) : J ′ ⇒
H ′ = ψ ◦φ(J ′) in the category of pseudo T -algebras inductively. For A ∈ Obj X ⊆
Obj R set θ(J ′)(A) := 1J′A. Suppose w ∈ T ′(n) and θ(J ′) is already defined
for A1, . . . , An ∈ Obj R. Then define θ(J ′)(w(A1 , . . . , An) : J ′(w(A1, . . . , An)) →
H ′(w(A1, . . . , An)) by Φ(w)(θ(J
′)A1, . . . , θ(J
′)An) ◦ ρJ
′
w (A1, . . . , An). An induc-
tive proof, similar to the one above but also using the naturality of ρJ
′
w , shows that
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θ(J ′) is a natural transformation and commutes with ρJ
′
and ρH
′
appropriately, i.e.
θ(J ′) : J ′ ⇒ H ′ is a 2-cell. It is also iso by induction. The assignment J ′ 7→ θ(J ′) is
natural by an inductive argument that uses the diagram in the definition of 2-cell
in the 2-category of pseudo T -algebras. Hence θ : 1MorT (R,D) ⇒ ψ ◦ φ is a natural
isomorphism. If we can show that θ and µ satisfy the triangular identities, then we
can conclude that ψ is a right adjoint for φ
We claim that the unit θ and the counit µ satisfy the triangular identities. First
we show that
(10.1) ψ
θ∗iψ +3ψ ◦ φ ◦ ψ
iψ∗µ +3ψ
is the identity natural transformation iψ : ψ ⇒ ψ. Let H ∈ Obj MorS(X,UD).
Then
(iψ ∗ µ)⊙ (θ ∗ iψ)(H) = ψ(µH) ◦ θψH by definition
= θψH since µH is trivial.
But θψH = θ(ψH) is the trivial 2-cell ψH ⇒ ψH because ψH is a strict morphism
of pseudo T -algebras, i.e. ρψHw is trivial. Hence (10.1) is iψ : ψ ⇒ ψ. Next we show
that
(10.2) φ
iφ∗θ +3φ ◦ ψ ◦ φ
µ∗iφ +3φ
is the identity natural transformation iφ : φ⇒ φ. Let J ′ ∈ Obj MorT (R,D). Then
(µ ∗ iφ)⊙ (iφ ∗ θ)(J
′) = µφJ′ ◦ φ(θJ′) by definition
= φ(θJ′) since µφJ′ is trivial
= θJ′ ∗ iηX by definition.
But θJ′ ∗ iηX is the trivial 2-cell φ(J
′) = J ′ ◦ ηX ⇒ J ′ ◦ ηX because θJ′(A) =
θ(J ′)(A) = 1J′A for all A ∈ Obj X and ηX : X → R is the inclusion functor. Hence
(10.2) is the identity natural transformation iφ : φ⇒ φ. Thus the unit and counit
satisfy the triangular identities and ψ is a right adjoint for φ. Moreover, φ is an
equivalence because the unit and counit are natural isomorphisms. We conclude
that ηX : X → UR is a biuniversal arrow from X to the 2-functor U .
Remark 10.8. Although it is not necessary, we can construct the factorizing 2-
cell ν′ on page 84 as follows. Let H : X → UD be a morphism of pseudo S-algebras.
Then ψ(H) = H ′ satisfies
X
ηX // UR
µ(H)
w
UH′

R
H′

X
H
// UD D
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and µ(H) is the identity 2-cell. Suppose H¯ ′ : R → D is another morphism of
pseudo T -algebras and ν is a 2-cell as follows.
X
ηX // U(R)
UH¯′

ν
v~ vv
vv
vv
vv
vv
vv
v
vv
v
v
v
v
v
R
H¯′

X
H
// JD D
Define a 2-cell ν′ : H¯ ′ ⇒ H ′ as follows. For A ∈ Obj X ⊆ Obj R, ν′A := νA. If w ∈
T ′(n) and ν′ is already defined for A1, . . . , An ∈ Obj R, then ν′(w(A1, . . . , An)) :=
Φ(w)(ν′A1, . . . , ν
′An) ◦ ρH¯
′
(A1, . . . , An). By induction ν
′ is a natural transforma-
tion. It also commutes with ρH
′
and ρH¯
′
appropriately by construction. Hence ν′
is a 2-cell in the 2-category of pseudo T -algebras. By construction we see that
(10.3) H¯ ′
ν′

UH¯ ′ ◦ ηX
ν +3
Uν′∗iηX

H
H ′ UH ′ ◦ ηX
µ(H)
+3 H
commutes. Such a 2-cell ν′ is unique by the requirement that (10.3) commutes
and by the commutivity with ρH¯
′
and ρH
′
required of 2-cells H¯ ′ ⇒ H ′. More
precisely, the commutivity of (10.3) says that ν′A = νA for all A ∈ Obj X and
the appropriate commutivity with ρH¯
′
and ρH
′
specifies what ν′ does to objects of
the form w(A1, . . . , An) for A1, . . . , An ∈ Obj R. If ν is iso, then so is ν′ by the
construction and the fact that ρH¯
′
is iso.
Theorem 10.9. Let S and T be theories and φ : S → T a morphism of the-
ories. Then the forgetful 2-functor U associated to φ from the 2-category of small
pseudo T -algebras to the 2-category of small pseudo S-algebras admits a left biad-
joint denoted F . Moreover, this pseudo functor F is actually a strict 2-functor.
Proof: For every pseudo S-algebra X there exists a pseudo T -algebra R and
a biuniversal arrow ηX : X → UR by Lemma 10.7. This guarantees the existence
of a left biadjoint by Theorem 9.17.
We can prove that F is strict by inspecting its coherence isos constructed in
the general theory of Theorem 9.17. Let X be the 2-category of pseudo S-algebras,
let A be the 2-category of pseudo T -algebras, and let G := U : A → X be the
forgetful 2-functor. For any pseudo S-algebra X ∈ Obj X , we define FX to be the
free pseudo T -algebra R on the pseudo S-algebra X associated to the morphism of
theories φ : S → T . The co-unit µ for the biuniversal ηX : X → UR is the identity
as we observed in Lemma 10.7. The pseudo functor U = G is actually a strict
2-functor, so δG and γG are identity natural transformations. After inspecting
diagram (9.17) on page 101, we see that δF∗ must be trivial because (δ
G
FX∗)
−1 ∗ iηX
and µX,FX(ηX ◦ 1X) = µ(ηX ◦ 1X) are trivial. Hence F preserves identities.
Similarly, each of the 2-cells in diagram (9.18) on page 101 is trivial, and there-
fore their composition is trivial. After inspecting diagram (9.19) on page 101, we
see that γFf,g must also be trivial because both the horizontal top and bottom arrows
are trivial. Therefore F preserves compositions.
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Since F preserves compositions and identities, it is a strict 2-functor.
Theorem 10.10. The biuniversal arrows ηX : X → UFX define a strict 2-
natural transformation η : 1X ⇒ U ◦ F , where X is the 2-category of pseudo S-
algebras.
Proof: Recall that the counits µ for the biuniversal arrows ηX are all trivial as
indicated on page 118 in Lemma 10.7. In the proof of Theorem 9.17 on page 109 the
biuniversal arrows ηX : X → UFX are made into a pseudo natural transformation
by defining τf := µX,FY (ηY ◦ f) for f : X → Y . We see that τf is trivial because
µX,FY is trivial. Hence η is strictly 2-natural.
Theorem 10.9 can be sharpened. Let A denote the 2-category of pseudo T -
algebras and let X denote the 2-category of pseudo S-algebras. Then the equiv-
alence of categories MorA(FX,A) → MorX (X,UA) implicit in Theorem 10.9
is strictly 2-natural in each variable. However, it can be shown that a left 2-
adjoint does not exist in specific cases. The equivalence in the other direction
MorX (X,UA) → MorA(FX,A) in Theorem 10.9 is not strictly 2-natural in each
variable. In fact, there is an example where there does not exist an equivalence
MorX (X,UA) → MorA(FX,A) which is strictly 2-natural in each variable, even
after replacing F by another biadjoint F ′. Counterexamples will be given after
presenting Theorem 10.11, which is a sharper version of Theorem 10.9.
Theorem 10.11. Let S and T be theories. Let U : A → X be the forgetful
2-functor associated to a morphism S → T of theories. Let F denote the left
biadjoint to U introduced in Theorem 10.9. Then the equivalence of categories
φX,A : MorA(FX,A)→ MorX (X,UA) from Theorem 10.9 defined by φX,A(f) :=
Uf ◦ ηX is strictly 2-natural in each variable.
Proof: The universal arrow ηX : X → UFX is the inclusion morphism. The
functor φX,A :MorA(FX,A)→MorX (X,UA) is defined by φX,A(f) := Uf ◦ηX as
in Lemma 9.13. The functor φX,A is an equivalence of categories for all X ∈ Obj X
and all A ∈ Obj A because ηX is a biuniversal arrow. The coherence isos τ ′ for the
pseudo naturality of φ−,A are defined on page 94 in terms of some trivial 2-cells,
γG, and τ˜ , where τ˜ is the coherence iso for η. But γG is trivial for G = U because
U is a strict 2-functor. The coherence iso τ˜ is also trivial because η is a strict
2-natural transformation. Hence τ ′ is also trivial and φ−,A is strictly 2-natural, i.e.
φ is 2-natural in the first variable.
The coherence isos τ for φX,− are defined on page 98 for morphisms k : A→ A′
by τA,A′(k) : e 7→ γGe,k ∗ iηX . But G = U is a strict functor and γ
G is trivial, hence τ
is also trivial. Therefore φX,− is strictly 2-natural, i.e. φ is 2-natural in the second
variable. We conclude that X,A 7→ φX,A is strictly 2-natural in each variable.
Before proving that Theorem 10.9 cannot be further improved to a left 2-
adjoint, we need a theorem which states that we can change a morphism of pseudo
T -algebras in a specific way and still have a morphism of pseudo T -algebras.
Theorem 10.12. Let X,Y be pseudo T -algebras and H : X → Y a morphism
of pseudo T -algebras. Suppose that J0(x) ∈ Obj Y and α0(x) : J0(x) → H(x) is
an isomorphism for each x ∈ Obj X. Then there exists a morphism J : X → Y
of pseudo T -algebras whose object function is J0 and there exists an iso 2-cell α :
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J ⇒ H of pseudo T -algebras such that α(x) = α0(x) for all x ∈ Obj X. Moreover,
such J and α are unique.
Proof: For x ∈ Obj X define J(x) := J0(x) and α(x) := α0(x). For a
morphism f : x1 → x2 of X define J(f) := α(x2)−1 ◦H(f) ◦ α(x1). We easily see
that J is a functor and α is natural transformation from J to the functor underlying
H .
For w ∈ T (n) let ρHw : H ◦Φ(w)⇒ Ψ◦ (H, . . . ,H) denote the coherence isomor-
phism for H , where Φ and Ψ denote the structure maps of X and Y respectively.
Define a natural isomorphism ρJw : J ◦ Φ(w) ⇒ Ψ ◦ (J, . . . , J) by the following
diagram.
J ◦ Φ(w)
α∗iΦ(w) +3
ρJw

H ◦ Φ(w)
ρHw

Ψ(w) ◦ (J, . . . , J)
iΨ(w)∗(α,...,α)
+3 Ψ(w) ◦ (H, . . . ,H)
In other words ρJw := (iΨ(w) ∗ (α
−1, . . . , α−1))⊙ ρHw ⊙ (α ∗ iΦ(w)). This is a natural
transformation because it consists of horizontal and vertical compositions of natural
transformations.
We claim that ρJw satisfies the coherence diagrams required to make J a mor-
phism of pseudo T -algebras. We can prove the commutivity of any J coherence
diagram from the commutivity of the analogous H coherence diagram by using the
following procedure. First we draw the commutative H coherence diagram and
then we circumscribe it with the analogous J coherence diagram. Next we draw
the obvious isomorphisms between respective J and H vertices. All of the resulting
inner diagrams commute because of the interchange law, because of the definition
of ρJw, or because of the diagram for H .
We present the substitution diagram to clarify the process. Let f : {1, . . . ,m} →
{1, . . . , n} be a function and w ∈ T (m).
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J ◦Φ(wf )
ρJwf

iJ∗sw,f +3
α∗iΦ(wf )
 (J
JJ
JJ
JJ
JJ
JJ
JJ
JJ
JJ
JJ
JJ
JJ
JJ
JJ
JJ
J
JJ
J ◦Φ(w)f
(ρJw)f

α∗iΦ(w)f
v~ tt
tt
tt
tt
tt
tt
tt
tt
t
tt
t
tt
t
tt
t
tt
t
t
H ◦Φ(wf )
iH∗sw,f +3
ρHwf

H ◦Φ(w)f
(ρHw )f

Ψ(wf ) ◦ (H, . . . ,H)
sw,f ∗i(H,...,H)
+3
iΨ(wf )
∗(α−1,...,α−1)
v~ tt
tt
tt
tt
tt
tt
tt
tt
t
tt
tt
tt
t
tt
t
tt
t
Ψ(w)f ◦ (H, . . . ,H)
iΨ(w)f
∗(α−1,...,α−1)
 (J
JJ
JJ
JJ
JJ
JJ
JJ
JJ
JJ
JJ
J
JJ
J
JJ
J
JJ
J
J
Ψ(wf ) ◦ (J, . . . , J)
sw,f∗i(J,...,J)
+3 Ψ(w)f ◦ (J, . . . , J)
The top and bottom squares commute because of the interchange law. The left and
right squares commute because of the definitions of ρJwf and ρ
J
w. The innermost
square commutes because H is a morphism of pseudo T -algebras. Hence the outer
rectangle commutes and J satisfies the substitution coherence diagram.
The other diagrams can be verified using the same procedure. The only subtlety
in this procedure occurs in the right hand vertical composition of the composition
axiom. We reproduce the right hand part of that diagram obtained by the procedure
mentioned above.
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...
iJ∗cw,w1,...,wn +3 J ◦Φ(w) ◦ (Φ(w1), . . . ,Φ(wn))
ρJw∗i(Φ(w1),...,Φ(wn))

α∗iΦ(w)∗i(Φ(w1),...,Φ(wn))
px jjjj
jjj
jjj
jjj
jjj
jjj
jjj
jjj
jjj
jjj
jjj
jjj
jjj
jjj
jjj
jjj
jjj
jjj
jjj
jjj
j
H ◦ Φ(w) ◦ (Φ(w1), . . .Φ(wn))
ρHw ∗i(Φ(w1),...,Φ(wn))

Ψ(w) ◦ (H, . . . ,H) ◦ (Φ(w1), . . . ,Φ(wn))
iΨ(w)∗(α
−1,...,α−1)∗i(Φ(w1),...,Φ(wn))
+3
iΨ(w)∗(ρ
H
w1
,...,ρHwn
)

Ψ(w) ◦ (J, . . . , J) ◦ (Φ(w1), . . . ,Φ(wn))
iΨ(w)∗(ρ
J
w1
,...,ρJwn
)

Ψ(w) ◦ (Ψ(w1), . . . ,Ψ(wn)) ◦ (H, . . . ,H)
iΨ(w)∗i(Ψ(w1),...,Ψ(wn))
∗(α−1,...,α−1)
&.TT
TTT
TTT
TTT
TTT
TTT
TTT
TTT
TTT
TTT
TT
TTT
TTT
TTT
TTT
TTT
TTT
TTT
TTT
TTT
TTT
T
...
cw,w1,...,wn∗i(J,...,J)
+3 Ψ(w) ◦ (Ψ(w1), . . . ,Ψ(wn)) ◦ (J, . . . , J)
The upper right quadrilateral results from the diagram defining ρJw by horizon-
tally composing with i(Φ(w1),...,Φ(wn)). Then the upper right square commutes by
iterated use of the interchange law.
The bottom right quadrilateral results from the defining diagrams of ρJw1 , . . . , ρ
J
wn
by taking their product, horizontally composing with the identity 2-cell
i(Ψ(w1),...,Ψ(wn)) = (iΨ(w1), . . . , iΨ(wn)),
and finally reversing one of the arrows. The commutivity then follows from the
interchange law.
The other parts of the diagram are easily seen to commute, and we conclude
that J satisfies the composition coherence.
The commutivity of all of these coherence diagrams implies that J is a mor-
phism of pseudo T -algebras. We conclude that α is a 2-cell in the 2-category of
pseudo T -algebras by looking at its defining diagram.
Now we turn to the uniqueness. Suppose J ′ : X → Y is a morphism of pseudo
T -algebras and α′ : J ′ ⇒ H is a 2-cell in the 2-category of pseudo T -algebras such
that for all x ∈ Obj X we have J ′(x) = J0(x) and α′(x) = α0(x). Then for a
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morphism f : x1 → x2 in X the diagram
J0(x1)
α(x1) //
J′(f)

H(x1)
H(f)

J0(x1)
α(x2)
// H(x2)
commutes. Hence J ′(f) = α(x2)
−1 ◦H(f) ◦ α(x1) = J(f). For a word w ∈ T (n),
the diagram
J ′ ◦ Φ(w)
α∗iΦ(w) +3
ρJ
′
w

H ◦ Φ(w)
ρHw

Ψ(w) ◦ (J ′, . . . , J ′)
iΨ(w)∗(α,...,α)
+3 Ψ(w) ◦ (H, . . . ,H)
commutes. Hence ρJ
′
w = (iΨ(w) ∗ (α
−1, . . . , α−1)) ⊙ ρHw ⊙ (α ∗ iΦ(w)) = ρ
J
w. We
conclude J ′ = J as morphisms of pseudo T -algebras.
Lemma 10.13. The functor ψX,A : MorX (X,UA) → MorA(FX,A) in Theo-
rem 10.9 is not strictly 2-natural in each variable.
Proof: Suppose ψ is strictly 2-natural. Then for any morphism of pseudo
T -algebras J : FX → FX the following diagram must commute.
(10.4) MorA(FX,FX)
J∗

MorX (X,UFX)
ψX,FXoo
(UJ)∗

MorA(FX,FX) MorX (X,UFX)
ψX,FX
oo
According to page 117, the output ψX,FX(H) is always a strict morphism of pseudo
T -algebras for all morphisms H : X → UFX of pseudo S-algebras. Let a ∈
Obj FX . Let w be the trivial word in the theory T . Then w(ψX,FX (ηX)(a)) is
isomorphic to (but not equal to) ψX,FX(ηX)(a) via a coherence isomorphism. By
Theorem 10.12 we can construct from this data a morphism J : FX → FX of
pseudo T -algebras such that J(w(ψX,FX(ηX)(a))) = ψX,FX(ηX)(a) and J is the
identity on all other objects. Chasing ηX along diagram (10.4) from the top right
corner, we see that ψX,FX(UJ ◦ ηX) = J ◦ψX,FX(ηX) and J ◦ψX,FX(ηX) must be
strict because ψX,FX(UJ ◦ ηX) is. But J ◦ψX,FX(ηX) is not strict because it does
not commute with the application of w by the construction of J .
In fact, we present an example where there is no pseudo natural transformation
ψ as in Lemma 10.13 that is strictly 2-natural in the second variable, even after
replacing F by another left biadjoint to U . The reason is that our morphisms of
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pseudo algebras are not required to be strict, i.e. they are not required to commute
with the structure maps.
Example 10.14. Let S be the trivial theory and let T be the theory of com-
mutative monoids. Let X be the 2-category of pseudo S-algebras and let A be the
2-category of pseudo T -algebras. Let U : A → X be the forgetful 2-functor associ-
ated to the trivial map of theories S → T . Then there does not exist a left biad-
joint F ′ : X → A which admits equivalences of categories ψ′X,A : MorX (X,UA)→
MorA(F
′X,A) that are strictly 2-natural in the second variable.
Proof: First we prove that our constructed left biadjoint F : X → A does
not admit equivalences ψ′X,A that are strictly 2-natural in the second variable.
Suppose for each X ∈ Obj X there exist equivalences ψ′X,A : MorX (X,UA) →
MorA(FX,A) that are strictly natural in A, the second variable. Let φ
′
X,A be a
functor such that φ′X,A ◦ ψ
′
X,A and ψ
′
X,A ◦ φ
′
X,A are naturally isomorphic to the
respective identities.
Let X be the pseudo S-algebra with only one object ∗ and no nontrivial mor-
phisms. Let A be the category of finite sets with a choice of disjoint union. This
makes A into a pseudo T -algebra.
We claim that there exists a morphism H : X → UA of pseudo S-algebras such
that ψ′X,A(H)(∗) 6= ∅. Suppose not. Then for every morphism H : X → UA, we
have ψ′X,A(H)(w(∗, . . . , ∗))
∼= w(∅, . . . , ∅) = ∅ and thus ψ′X,A(H) is constant ∅. By
the equivalence, every morphism K : FX → A of pseudo T -algebras is isomorphic
to ψ′X,A ◦ φ
′
X,A(K). This implies that K must also be constant ∅. But this is a
contradiction, since there are nontrivial morphisms FX → A. Thus there exists a
morphism H : X → UA of pseudo S-algebras such that ψ′X,A(H)(∗) 6= ∅.
We claim that there exists an object x ∈ Obj FX such that ψ′X,A(H)(x) 6=
H(∗). Let n ∈ N be large enough that
n · |ψ′X,A(H)(∗)| > |H(∗)|.
This is possible because |ψ′X,A(H)(∗)| 6= 0 from above. Let x = ∗+ (∗ + (∗+ · · · ))
where there are n copies of ∗. Then |ψ′X,A(H)(x)| = n · |ψ
′
X,A(H)(∗)| because
ψ′X,A(H) is a morphism of pseudo T -algebras and isomorphisms in A are bijections
of sets. Thus ψ′X,A(H)(x) 6= H(∗).
Let J0(ψ
′
X,A(H)(x)) be any set of the same cardinality as ψ
′
X,A(H)(x) but not
equal to ψ′X,A(H)(x). Let α0(ψ
′
X,A(H)(x)) : J0(ψ
′
X,A(H)(x)) → ψ
′
X,A(H)(x) be a
bijection. Let J0(a) = a for all a ∈ Obj A such that a 6= ψ′X,A(H)(x). Then by
Theorem 10.12 there exists a morphism J : A → A of pseudo T -algebras which
is the identity except on the object ψ′X,A(H)(x). In particular J(H(∗)) = H(∗)
because H(∗) 6= ψ′X,A(H)(x) from above.
The 2-naturality in the second variable implies that
(10.5) MorA(FX,A)
J∗

MorX (X,UA)
ψ′X,Aoo
(UJ)∗

MorA(FX,A) MorX (X,UA)
ψ′X,A
oo
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commutes, i.e. J ◦ψ′X,A(H) = ψ
′
X,A(UJ ◦H). But UJ ◦H = H because J(H(∗)) =
H(∗). Hence J ◦ ψ′X,A(H) = ψ
′
X,A(H). Evaluating this on x gives
J(ψ′X,A(H)(x)) = ψ
′
X,A(H)(x)
which contradicts
J(ψ′X,A(H)(x)) 6= ψ
′
X,A(H)(x).
Thus there cannot exist such a ψ′X,A : MorX (X,UA) → MorA(FX,A) and
the reason is that we allow morphisms which are not strict.
Let F ′ : X → A be any left biadjoint for U : A → X . Suppose it ad-
mits equivalences of categories ψ′X,A : MorX (X,UA) → MorA(F
′X,A) that are
strictly 2-natural in the second variable. Since F and F ′ are left biadjoints for
U , there exists for each X a pseudo isomorphism FX → FX ′ by the biuniver-
sal arrow argument in Lemma 9.7 and Theorem 9.20. This pseudo isomorphism
induces an equivalence of categories MorA(F
′X,A) → MorA(FX,A) which is
strictly 2-natural in A. Composing this with ψ′X,A gives an equivalence of cate-
gories MorX (X,UA)→MorA(FX,A) which is strictly 2-natural in A, the second
variable. But it was shown above that such a 2-natural equivalence cannot exist.
Hence we have arrived at a contradiction and we conclude that F ′ does not admit
equivalences ψ′X,A :MorX (X,UA)→MorA(F
′X,A) that are strictly 2-natural in
the second variable.
We can build on the previous example to show that there does not exist a left
2-adjoint to the forgetful 2-functor in that situation.
Example 10.15. Let S be the trivial theory and let T be the theory of com-
mutative monoids. Let X be the 2-category of pseudo S-algebras and let A be the
2-category of pseudo T -algebras. Let U : A → X be the forgetful 2-functor associ-
ated to the trivial map of theories S → T . Then there does not exist a left 2-adjoint
to U , i.e. there does not exist a 2-functor F ′ : X → A which admits isomorphisms
of categories φX,A :MorA(F
′X,A)→MorX (X,UA) that are strictly 2-natural in
each variable.
Proof: Suppose such a φ existed. Let ψX,A := φ
−1
X,A. Then ψX,A is strictly
2-natural in the second variable A and is an equivalence of categories. But this is
impossible by the previous example.
CHAPTER 11
Weighted Bicolimits of Pseudo T -Algebras
In this chapter we show that the 2-category of pseudo T -algebras admits weighted
bicolimits. The proof builds on the free pseudo T -algebra construction from Chap-
ter 10 as well as the construction of pseudo colimits in the 2-category of small
categories from Chapter 4. The present construction of bicolimits does not cap-
ture pseudo colimits because of the equivalence of morphism categories inherent
to the construction of the free pseudo T -algebra. This equivalence arises because
the morphisms of pseudo T -algebras are pseudo morphisms of pseudo T -algebras
rather than strict morphisms. After proving that this 2-category admits bicolimits
and bitensor products, we conclude that it admits weighted bicolimits.
Theorem 11.1. The 2-category C of small pseudo T -algebras admits bicolimits.
Proof: Let J be a small 1-category and F : J → C a pseudo functor. In the
following construction we use notation similar to the construction of the biuniversal
arrows for forgetful 2-functors in Chapter 10.
First we define candidates W ∈ Obj C and π : F ⇒ ∆W . Let T ′ denote the
free theory on the sequence of sets T (0), T (1), . . . underlying the theory T . Let
Alg′ be the category of small T ′-algebras. Let Graph′ be the category of small
directed graphs whose object sets are discrete T ′ algebras. Then there is a forgetful
functor Alg′ → Graph′ and it admits a left adjoint V ′ by Freyd’s Adjoint Functor
Theorem.
Let Obj RG′ be the free (discrete) T
′ algebra on the set
∐
j∈Obj J Obj Fj. Let
Mor RG′ be the collection of the following arrows:
(1) For every n ∈ N, for all words w ∈ T (n), w1 ∈ T (m1), . . . , wn ∈ T (mn),
and for all objects A11, . . . , A
1
m1
,A21, . . . , A
2
m2
, . . . , An1 , . . . , A
n
mn
∈ Obj RG′
there are arrows
cw,w1,...,wn(A
1
1, . . . , A
n
mn
) :
w ◦ (w1, . . . , wn)(A11, . . . , A
n
mn
) //w(w1(A11, . . . , A
1
m1
), . . . , wn(A
n
1 , . . . , A
n
mn
))
c−1w,w1,...,wn(A
1
1, . . . , A
n
mn
) :
w(w1(A
1
1, . . . , A
1
m1
), . . . , wn(A
n
1 , . . . , A
n
mn
))→ w ◦ (w1, . . . , wn)(A11, . . . , A
n
mn
) .
Here w◦(w1, . . . , wn) is the composition in the original theory T . The tar-
get w(w1(A
1
1, . . . , A
1
m1
), . . . , wn(A
n
1 , . . . , A
n
mn
)) is the result of composing
in the free theory and applying it to the A’s in the free algebra.
(2) For every A ∈ Obj RG′ there are arrows
IA : 1(A) //A
I−1A : A
//1(A) .
Here 1 is the unit of the original theory T .
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(3) For every word w ∈ T (m), for every function f : {1, . . . ,m} → {1, . . . , n},
and for all objects A1, . . . , An ∈ Obj RG′ there are arrows
sw,f(A1, . . . , An) : wf (A1, . . . , An) //w(Af1, . . . , Afm)
s−1w,f (A1, . . . , An) : w(Af1, . . . , Afm)
//wf (A1, . . . , An) .
The substituted word wf is the substituted word in the original theory T .
The target w(Af1, . . . , Afm) is the result of substituting in w in the free
theory and then evaluating on the A’s.
(4) For every word w ∈ T (n), j ∈ Obj J , and objects A1, . . . , An of Fj there
are arrows
ρ
πj
w (A1, . . . , An) : Φj(w)(A1, . . . , An) //w(A1, . . . , An)
(ρ
πj
w )−1(A1, . . . , An) : w(A1, . . . , An) //Φj(w)(A1, . . . , An),
where Φj denotes the structure maps of the pseudo T -algebra Fj.
(5) Include all elements of
∐
j∈J Mor Fj in Mor RG′ .
(6) For every morphism f : i → j of J and every x ∈ Obj F i we include
arrows
h(x,f) : x //af (x)
h−1(x,f) : af(x)
//x
as in the proof of Theorem 4.2, where af = Ff : Fi→ Fj.
With these arrows, RG′ is an object of Graph
′. Now we apply the functor V ′
to the directed graph RG′ to get a category R
′ which is a T ′-algebra.
Let K be the smallest congruence on the category R′ with the following prop-
erties:
(1) All of the relations necessary to make the coherence arrows (including ρ
πj
w )
into natural transformations belong to K. For example, if A,B ∈ Obj R′
and f : A → B is a morphism of R′,then the relation IA ◦ f = 1(f) ◦ IB
belongs to K.
(2) All of the relations necessary to make the coherence arrows (including
ρ
πj
w ) into isos are in K. For example, for every A ∈ Obj R′ the relations
IA ◦ I
−1
A = 1A and I
−1
A ◦ IA = 1A are in K.
(3) All of the relations for pseudo algebras listed in Definition 7.1 belong to
K, where the objects range over the objects of R′.
(4) The original composition relations in each of the categories Fj belong to
K for all j ∈ Obj J .
(5) The coherence diagrams necessary to make the inclusion πj : Fj → R′
into a morphism of pseudo T -algebras belong to K. These diagrams are
listed in Definition 7.4. Note that these coherence diagrams will involve
the arrows ρ
πj
w (A1, . . . , An) for w ∈ T (n).
(6) All of the relations in the proof of Theorem 4.2 are in K.
(7) If the relations f1 = g1, . . . , fn = gn are in K and w ∈ T ′(n), then the
relation w(f1, . . . , fn) = w(g1, . . . gn) is also in K.
Next we mod out by the congruence K in R′ and we get a pseudo T -algebra
R =:W ∈ Obj C.
We define a pseudo natural transformation π : F ⇒ ∆W as follows. For
j ∈ Obj J , define πj : Fj → W to be the inclusion functor. The functor πj is a
morphism of pseudo T -algebras because of the relations we modded out by. Define
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τi,j(f)x : πi(x) → πj ◦ af (x) by τi,j(f)x := h(x,f) as in the proof of Theorem of
4.2. Then x 7→ τi,j(f)x is a 2-cell πi ⇒ πj ◦ af in the 2-category of pseudo T -
algebras because of the relations we modded out by and because of the work in
the proof of Theorem 4.2. By an argument similar to Lemma 4.3 we conclude that
π : F ⇒ ∆W is a pseudo natural transformation. The candidate for the bicolimit of
F is W ∈ Obj C with the pseudo cone π : F ⇒ ∆W . This concludes the definition
of the candidate for the bicolimit of F .
Let V ∈ Obj C. Define the functor φ : MorC(W,V ) → PseudoCone(F, V ) by
b 7→ b ◦ π as before. We need to see that φ is an equivalence of categories.
Lemma 11.2. There is a functor ψ : PseudoCone(F, V )→MorC(W,V ).
Proof: First we define ψ on objects. Let π′ : F ⇒ ∆V be a pseudo natural
transformation which is natural up to the coherence iso 2-cells τ ′. From π′ we get
a map of sets ∐
j∈Obj J
Obj Fj → Obj V
which induces a map
d : Obj RG′ → Obj V
of discrete T ′ algebras. Define d on arrows of RG′ as follows:
• dg := π′jg for all g ∈Mor Fj and all j ∈ Obj J
• dh(x,f) := τ
′
i,j(f)x and dh
−1
(x,f) := (τ
′
i,j(f)x)
−1 for f : i → j in J and
x ∈ Obj F i
• d takes a coherence arrow in RG′ to the analogous coherence iso in V
• d(ρ
πj
w ) := ρ
π′j
w where ρ
π′j
w is the coherence iso of the morphism π′j : Fj → V
of pseudo T -algebras, and similarly d((ρ
πj
w )−1) := (ρ
π′j
w )−1.
This defines a morphism d : RG′ → V of the category Graph′, where part of
the structure of the T ′-algebra V is forgotten. The adjoint Graph′ → Alg′ to the
forgetful functor Alg′ → Graph′ gives us a morphism R′ → V , which we also denote
by d. Furthermore, d : R′ → V preserves the relations in K. Hence d induces a map
b : R → V on the quotient and d is a morphism of pseudo T -algebras. Note that
the coherence isos of b are trivial. This is how we define ψ on objects: ψ(π′) := b.
Let σ, σ′ ∈ Obj PseudoCone(F, V ) and let Ξ : σ  σ′ be a morphism in
the category PseudoCone(F, V ). Then define a 2-cell ψ(Ξ) : ψ(σ) ⇒ ψ(σ′) by
ψ(Ξ)x := Ξj(x) for x ∈ Obj Fj and continue the definition inductively by
ψ(Ξ)w(x1,...,xn) := Ψ(w)(ψ(Ξ)x1 , . . . , ψ(Ξ)xn),
where Ψ denotes the structure maps of the pseudo T -algebra V . Another inductive
argument shows that this assignment preserves compositions and identities.
Lemma 11.3. The functor φ ◦ ψ : PseudoCone(F, V )→ PseudoCone(F, V ) is
the identity functor.
Proof: This is similar to Lemma 4.6. The only difference here is that we must
prove that the coherence isos for the morphism π′j : Fj → V of pseudo T -algebras
are the same as the coherence isos for (φ ◦ ψ(π′))j . But this is true because the
coherence isos of ψ(π′) are trivial.
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Lemma 11.4. The composite functor ψ ◦ φ : MorC(W,V ) → MorC(W,V ) is
naturally isomorphic to the identity functor.
Proof: We construct a natural isomorphism η : 1MorC(W,V ) ⇒ ψ ◦ φ. Let
b ∈ Obj MorC(W,V ). We define ηb =: α inductively. For all j ∈ Obj J and all
x ∈ Obj Fj ⊆ Obj W we have ψ ◦ φ(b)(x) = b(x). Define
αx : b(x)→ ψ ◦ φ(b)(x)
to be the identity for such x. For w ∈ T (n) and x1, . . . , xn ∈
∐
j∈Obj J Obj Fj
define
αw(x1,...,xn) := ρ
b
w(x1, . . . , xn).
Now let x1, . . . , xn ∈ Obj W and w ∈ T (n). Suppose αx1 , . . . , αxn are already
defined. Then define
αw(x1,...,xn) : b(w(x1, . . . , xn))→ ψ ◦ φ(b)(w(x1, . . . , xn))
to be the composition
b(w(x1, . . . , xn))
ρbw(x1,...,xn)

Ψ(w)(bx1, . . . , bxn)
Ψ(w)(αx1 ,...,αxn)

Ψ(w)(ψ ◦ φ(b)x1, . . . , ψ ◦ φ(b)xn).
Then the assignment x 7→ αx is a 2-cell in the category of pseudo T -algebras
because it is natural and commutes with the coherence isos of b and ψ ◦φ(b) by an
inductive argument (recall the coherence isos of ψ ◦ φ(b) are trivial). An inductive
argument also shows that b 7→ ηb is natural.
Lemma 11.5. The functor φ : MorC(W,V ) → PseudoCone(F, V ) defined by
b 7→ b ◦ π is an equivalence of categories.
Proof: This follows immediately from the previous two lemmas.
Lemma 11.6. The object W ∈ Obj C and the pseudo cone π : F ⇒ ∆W com-
prise a bicolimit of F .
Proof: This follows immediately from the previous lemma.
This completes the proof that the 2-category of small pseudo T -algebras admits
bicolimits.
Lemma 11.7. The 2-category C of pseudo T -algebras admits bitensor products.
Proof: Let J be a category and F a pseudo T -algebra. First we define an
object RG′ of Graph
′. Let Obj RG′ be the free discrete T
′-algebra on the set
Obj J × Obj F , where T ′ is the free theory on T . Let Mor RG′ be the collection
of the following arrows.
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(1) For every n ∈ N, for all words w ∈ T (n), w1 ∈ T (m1), . . . , wn ∈ T (mn),
and for all objects A11, . . . , A
1
m1
,A21, . . . , A
2
m2
, . . . , An1 , . . . , A
n
mn
∈ Obj RG′
there are arrows
cw,w1,...,wn(A
1
1, . . . , A
n
mn
) :
w ◦ (w1, . . . , wn)(A11, . . . , A
n
mn
) //w(w1(A11, . . . , A
1
m1
), . . . , wn(A
n
1 , . . . , A
n
mn
))
c−1w,w1,...,wn(A
1
1, . . . , A
n
mn
) :
w(w1(A
1
1, . . . , A
1
m1
), . . . , wn(A
n
1 , . . . , A
n
mn
)) //w ◦ (w1, . . . , wn)(A11, . . . , A
n
mn
) .
Here w◦(w1, . . . , wn) is the composition in the original theory T . The tar-
get w(w1(A
1
1, . . . , A
1
m1
), . . . , wn(A
n
1 , . . . , A
n
mn
)) is the result of composing
in the free theory and applying it to the A’s in the free algebra.
(2) For every A ∈ Obj RG′ there are arrows
IA : 1(A) //A
I−1A : A
//1(A) .
Here 1 is the unit of the original theory T .
(3) For every word w ∈ T (m), for every function f : {1, . . . ,m} → {1, . . . , n},
and for all objects A1, . . . , An ∈ Obj RG′ there are arrows
sw,f(A1, . . . , An) : wf (A1, . . . , An) //w(Af1, . . . , Afm)
s−1w,f (A1, . . . , An) : w(Af1, . . . , Afm)
//wf (A1, . . . , An) .
The substituted word wf is the substituted word in the original theory T .
The target w(Af1, . . . , Afm) is the result of substituting in w in the free
theory and then evaluating on the A’s.
(4) For every word w ∈ T (n), j ∈ Obj J , and objects x1, . . . , xn of F there
are arrows
ρ
π(j)
w ((j, x1), . . . , (j, xn)) : (j,Φ(w)(x1 , . . . , xn))
//w((j, x1), . . . , (j, xn))
(ρ
π(j)
w )−1 : w((j, x1), . . . , (j, xn))
//(j,Φ(w)(x1 , . . . , xn)) ,
where Φ denotes structure maps of the pseudo T -algebra F .
(5) Include all elements of Mor J ×Mor F in Mor RG′ .
With these arrows, RG′ is an object of Graph
′. Now we apply the free T ′-
algebra functor to the directed graph RG′ to get a category R
′ which is a T ′ algebra.
Let K be the smallest congruence on the category R′ with the following properties:
(1) All of the relations necessary to make the coherence arrows (including
ρ
π(j)
w ) into natural transformations belong to K. For example, if A,B ∈
Obj R′ and f : A → B is a morphism in R′,then the relation IA ◦ f =
1(f) ◦ IB belongs to K.
(2) All of the relations necessary to make the coherence arrows (including
ρ
π(j)
w ) into isos are in K. For example, for every A ∈ Obj R′ the relations
IA ◦ I
−1
A = 1A and I
−1
A ◦ IA = 1A are in K.
(3) All of the relations for pseudo algebras listed in Definition 7.1 belong to
K, where the objects range over the objects of R′.
(4) The original composition relations in the category J × F belong to K.
134 11. WEIGHTED BICOLIMITS OF PSEUDO T -ALGEBRAS
(5) For each j ∈ J , the coherence diagrams necessary to make the inclusion
F → R′, x 7→ (j, x) into a morphism of pseudo T -algebras belong to K.
These diagrams are listed in Definition 7.4. Note that these coherences
will involve the arrows
ρπ(j)w ((j, x1), . . . , (j, xn)) : (j,Φ(w)(x1 , . . . , xn))→ w((j, x1), . . . , (j, xn)).
(6) For any g : j1 → j2 in J and x1, . . . , xn in F we include the relation
(j1,Φ(w)(x1, . . . , xn))
(g,1Φ(w)(x1 ,...,xn)) //
ρπ(j1)w (x1,...,xn)

(j2,Φ(w)(x1, . . . , xn))
ρπ(j2)w (x1,...,xn)

w((j1, x1), . . . , (j1, xn))
w((g,x1),...,(g,xn))
// w((j2, x1), . . . , (j2, xn)).
(7) If the relations f1 = g1, . . . , fn = gn are in K and w ∈ T ′(n), then the
relation w(f1, . . . , fn) = w(g1, . . . gn) is also in K.
Next we mod out by the congruence K in R′ and we get a pseudo T -algebra
J ∗ F ∈ Obj C. We define a functor π : J → C(F, J ∗ F ) by
π(j)(x) := (j, x)
π(j)(f) := (1j , f)
(π(g))x := (g, 1x)
for j ∈ Obj J, x ∈ Obj F, f ∈Mor F, and g ∈ Mor J . Then π(j) : F → J ∗ F is a
morphism of pseudo T -algebras with coherence isos ρπ(j) and π(g) : π(j1)⇒ π(j2)
is a 2-cell in the 2-category of pseudo T -algebras because of the relations. The
relations also imply that π is a functor.
We claim that π induces an equivalence
C(J ∗ F,C)
φ //Cat(J, C(F,C))
b 7→ C(F, b) ◦ π
α 7→ C(F, α) ∗ iπ
of categories. Define a functor ψ : Cat(J, C(F,C)) → C(J ∗ F,C) as follows. For a
functor σ : J → C(F,C), we have a map of sets
Obj J ×Obj F → Obj C
(j, x) 7→ σ(j)(x)
which induces a map ψ(σ) : Obj RG′ → Obj C of discrete T ′-algebras satisfying
ψ(σ)(j, x) := σ(j)(x)
ψ(σ)(w((j1 , x1), . . . , (jn, xn))) := Φ
C(w)(σ(j1)(x1), . . . , σ(jn)(xn))
for (j, x), (j1, x1), . . . , (jn, xn) ∈ J × F . Define ψ(σ) on arrows of RG′ by
ψ(σ)(cw,w1,...,wn(A
1
1, . . . , A
n
mn
)) := cw,w1,...,wn(ψ(σ)(A
1
1), . . . , ψ(σ)(A
n
mn
))
ψ(σ)(IA) := Iψ(σ)(IA)
ψ(σ)(sw,f (A1, . . . , An)) := sw,f(ψ(σ)(A1), . . . , ψ(σ)(An))
ψ(σ)(g, f) := σ(j2)(f) ◦ σ(g)x1 = σ(g)x2 ◦ σ(j1)(f)
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for Akℓ , A,Ai ∈ Obj RG′ , f : m → n, g : j1 → j2 in J , and f : x1 → x2 in F . We
define ψ(σ) similarly for c−1w,w1,...,wn , I
−1
A , s
−1
w,f . Then ψ(σ) : RG′ → C is a morphism
in Graph′, which induces a morphism R′ → C in Alg′. It preserves the relations
and therefore induces a morphism ψ(σ) : J ∗ F → C of pseudo T -algebras on the
quotient. This is actually a strict morphism of pseudo T -algebras. For a natural
transformation Ξ : σ ⇒ σ′ define a 2-cell ψ(Ξ) : ψ(σ)⇒ ψ(σ′) inductively by
ψ(Ξ)(j,x) := (Ξj)x
for (j, x) ∈ Obj J ×Obj F and
ψ(Ξ)w(A1,...,An) := Φ
C(w)(ψ(Ξ)A1 , . . . , ψ(Ξ)An)
whenever ψ(Ξ)A1 , . . . , ψ(Ξ)An are already defined. From these definitions we can
conclude that ψ is a functor and φ ◦ ψ = 1Cat(J,C(F,C)). For example,
(φ ◦ ψ(σ))(j)(x) = (ψ(σ) ◦ π(j))(x)
= ψ(σ)(j, x)
= σ(j)(x)
and also
((φ ◦ ψ(Ξ))j)x = ((ψ(Ξ) ∗ iπ)j)x
= ψ(Ξ)π(j)(x)
= (Ξj)x.
We construct a natural isomorphism η : 1C(J∗F,C) ⇒ ψ ◦ φ. Let b : J ∗ F → C
be a morphism of pseudo T -algebras. We define ηb =: α inductively. For all
(j, x) ∈ Obj J ×Obj F we have
ψ ◦ φ(b)(j, x) = ψ(C(F, b) ◦ π)(j, x)
= (C(F, b) ◦ π)(j)(x)
= (b ◦ π(j))(x)
= b(j, x).
Define
α(j,x) : b(j, x)→ ψ ◦ φ(b)(j, x)
to be the identity for such (j, x). For w ∈ T (n) and (j1, x1), . . . , (jn, xn) ∈ Obj J ×
Obj F define
αw((j1,x1),...,(jn,xn)) := ρ
b
w((j1, x1), . . . , (jn, xn)).
For A1, . . . , An ∈ Obj RG′ = Obj J ∗ F and w ∈ T (n), define
αw(A1,...,An) : b(w(A1, . . . , An))→ ψ ◦ φ(b)(w(A1, . . . , An))
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to be the composition
b(w(A1, . . . , An))
ρbw(A1,...,An)

Ψ(w)(bA1, . . . , bAn)
Ψ(w)(αA1 ,...,αAn )

Ψ(w)(ψ ◦ φ(b)A1, . . . , ψ ◦ φ(b)An).
Then the assignment x 7→ αx is a 2-cell in the category of pseudo T -algebras
because it is natural and commutes with the coherence isos of b and ψ ◦φ(b) by an
inductive argument (recall the coherence isos of ψ ◦ φ(b) are trivial). An inductive
argument also shows that b 7→ ηb is natural.
By Remark 3.26, this implies that J ∗ F is a bitensor product of J and F .
Theorem 11.8. The 2-category C of pseudo T -algebras admits weighted bicol-
imits.
Proof: The 2-category C admits bicoproducts and bicoequalizers by Theorem
11.1. It admits bitensor products by the previous lemma. Hence by Theorem 3.27
it admits weighted bicolimits.
CHAPTER 12
Stacks
In this chapter we introduce the language of stacks in analogy to sheaves,
since stacks generalize sheaves. A stack is a contravariant pseudo functor from a
Grothendieck topology to a 2-category which takes Grothendieck covers to bilimits
in the sense described below. The target 2-category is required to admit bilimits.
We have shown that the 2-category of pseudo algebras over a theory admits bilimits,
so we can speak of stacks of pseudo algebras. Some references for stacks are [13],
[17], [18], [42], and [52]. We are interested in stacks because we want to capture
the algebraic structure of holomorphic families of rigged surfaces as in Section 13.3.
Definition 12.1. A basis for a Grothendieck topology on a category B with
pullbacks is a function K which assigns to each object B of B a collection of families
of morphisms with codomain B such that:
(1) If g : B′ → B is an isomorphism, then {g} ∈ K(B).
(2) If {gi : Bi → B|i ∈ I} ∈ K(B), then for any morphism g : D → B the
family {π2i : Bi ×B D → D|i ∈ I} of pullbacks of the gi along g is in
K(D).
(3) If {gi : Bi → B|i ∈ I} ∈ K(B) and {fij : Dij → Bi|j ∈ Ji} ∈ K(Bi) for
all i, then the composite family {gi ◦ fij : Bij → B|i ∈ I, j ∈ Ji} is in
K(B).
The second axiom is called the stability axiom because it says that K is stable
under pullbacks. The third axiom is called the transitivity axiom. Often we refer
to the basis as well as the category B as a Grothendieck topology. We follow this
convention. Some authors call a Grothendieck topology a Grothendieck site. The
elements of K(B) are called Grothendieck covers.
Definition 12.2. Let B be a Grothendieck topology and C a concrete category.
Then a C-sheaf on B is a contravariant functor G : B → C which takes Grothendieck
covers to limits, i.e. for any object B of B and for any Grothendieck cover {gi :
Bi → B|i ∈ I} ∈ K(B) the following diagram is an equalizer,
(12.1) G(B)
e //
∏
i∈I G(Bi)
p1 //
p2
//
∏
i,j∈I G(Bi ×B Bj)
where e(a) = {G(gi)a}i∈I and p1({ak}k∈I)ij = G(π1ij)ai and p2({ak}k∈I)ij =
G(π2ij)aj . Here π
1
ij , π
2
ij are the morphisms in the pullback diagrams for Bij :=
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Bi ×B Bj .
Bi ×B Bj
π1ij //
π2ij

Bi

Bj // B
See [40] for a thorough discussion of Grothendieck topologies and sheaves.
Diagram (12.1) is an equalizer if and only if it is exact. Usually we speak of a
C-sheaf as a sheaf of objects of C. For example, if C is the category of sets, then we
speak of a sheaf of sets. Next we speak of stacks of categories and then generalize
to stacks of objects with algebraic structure.
Let Cat denote the 2-category of small categories. Suppose B is a Grothendieck
topology. Let G : B → Cat be a contravariant pseudo functor. Let B be an object
of B and {gi : Bi → B|i ∈ I} ∈ K(B) a Grothendieck cover. Consider the diagram
(12.2)
∏
i∈I G(Bi)
p1 //
p2
//
∏
i,j∈I G(Bi ×B Bj) p13 //
p12 //
p23
//
∏
i,j,k∈I G(Bi ×B Bj ×B Bk)
where the arrows are defined as
p1({ak}k)ij := G(π
1
ij)ai
p2({ak}k)ij := G(π
2
ij)aj
p12({aℓm}ℓm)ijk := G(π
12
ijk)aij
p13({aℓm}ℓm)ijk := G(π
13
ijk)aik
p23({aℓm}ℓm)ijk := G(π
23
ijk)ajk.
Here π12ijk , π
13
ijk, π
23
ijk are the morphisms for the triple fiber product Bi×B Bj ×B Bk
as in the following commutative diagram from [52]. The unlabelled arrows are
gi, gj, and gk from the Grothendieck cover.
Bijk
π12ijk
}}{{
{{
{{
{{
{{
{
π13ijk

π23ijk // Bjk
π1jk
~~}}
}}
}}
}}
}}
}
π2jk

Bij
π1ij

π2ij
// Bj

Bik
π2ik //
π1ik
}}zz
zz
zz
zz
zz
zz
Bk
}}||
||
||
||
||
||
Bi // B
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Every face in this diagram is a pullback square. The object Bijk is the limit of the
diagram obtained from this one by deleting Bijk and the arrows emanating from
it.
Diagram (12.2) can be interpreted as the image of a pseudo functor F : J →
Cat as follows. Let J be the free 1-category on the directed graph
(12.3) X
f1 //
f2
// Y f13 //
f12 //
f23
// Z
modded out by the relations below.
X
f1 //
f1

Y
f12

X
f2 //
f2

Y
f13

Y
f13
// Z Y
f23
// Z
X
f1 //
f2

Y
f23

Y
f12
// Z
Define a covariant pseudo functor F : J → Cat which takes diagram (12.3) to
diagram (12.2) and takes identity morphisms to identity morphisms. The pseudo
functor F is defined on all possible composites of nontrivial morphisms as:
F (f12 ◦ f1)({aℓ}ℓ)ijk := G(π
1
ij ◦ π
12
ijk)ai
F (f13 ◦ f2)({aℓ}ℓ)ijk := G(π
2
ik ◦ π
13
ijk)ak
F (f23 ◦ f1)({aℓ}ℓ)ijk := G(π
1
jk ◦ π
23
ijk)aj .
The identity coherence isos δF for F are equalities because F takes identity mor-
phisms to identity morphisms. The coherence isos γF for composites of non-identity
morphisms are defined as tuples of the composition coherence isos for G. For ex-
ample, the coherence iso γFf1,f12{aℓ}ℓ : F (f12) ◦ F (f1){aℓ}ℓ → F (f12 ◦ f1){aℓ}ℓ is
defined as
{γGπ12
ijk
,π1ij
ai}ijk : {G(π
12
ijk) ◦G(π
1
ij)ai}ijk → {G(π
1
ij ◦ π
12
ijk)ai}ijk.
The coherence isos γF for composites involving one or more identity morphisms are
defined to be equalities. For example, the coherence iso
γF1X ,f1{aℓ}ℓ : F (f1) ◦ F (1X){aℓ}ℓ → F (f1 ◦ 1X){aℓ}ℓ
is equality. The coherence diagram in the pseudo functor unit axiom for δF is
satisfied because of this definition. The coherence diagram in the pseudo functor
composition axiom for γF is satisfied because of the diagrams for γG and also
because of this definition. The coherence isos are also natural because J has no
nontrivial 2-cells. Thus F : J → Cat is a pseudo functor whose image is diagram
(12.2). By a bilimit of diagram (12.2) we mean a bilimit of this functor F .
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In the context of stacks there is a canonical candidate for the bilimit of F ,
namely G(B). The candidate for the universal pseudo cone π′ : ∆G(B) ⇒ F is
defined on objects as follows.
π′X : G(B)→
∏
i
G(Bi)
π′X(a) := {G(gi)a}i
π′Y : G(B)→
∏
i,j
G(Bi ×B Bj)
π′Y (a) := {G(gi ◦ π
1
ij)a}ij
π′Z : G(B)→
∏
i,j,k
G(Bi ×B Bj ×B Bk)
π′Z(a) := {G(gi ◦ π
1
ij ◦ π
12
ijk)a}ijk
The coherence isos τ ′f : Ff ◦π
′
Sf ⇒ π
′
Tf ◦∆G(B)(f) for the pseudo cone π
′ and non-
identity morphisms f in J are defined in terms of γG. For example, for f1 : X → Y
we have
G(B)
π′X //
1G(B)=∆G(B)(f1)

∏
iG(Bi)
F (f1)=p1

τ ′f1
u} ss
ss
ss
ss
ss
ss
ss
ss
ss
s
ss
ss
ss
ss
ss
ss
ss
ss
ss
s
G(B)
π′Y
//
∏
i,j G(Bi ×B Bj)
defined by τ ′f1a := {γ
G
π1ij ,gi
a}ij : {G(π1ij)◦G(gi)a}ij → {G(gi◦π
1
ij)a}ij for all objects
a of G(B). For the identity morphisms 1X , 1Y , and 1Z of J we define τ ′1X , τ
′
1Y , and
τ ′1Z to be equalities. The coherence diagram for the unit axiom of pseudo natural
transformations is satisfied because of this definition. The composition axiom for
τ ′ and nontrivial morphisms is satisfied because of the composition axiom for γG
and because γ∆G(B) is an equality. The composition axiom for τ ′ whenever one or
more of the morphisms is trivial follows trivially. Thus π′ : ∆G(B) ⇒ F is a pseudo
natural transformation with coherence isos τ ′. After these preliminary remarks, we
can finally define stack of categories.
Definition 12.3. Let Cat denote the 2-category of small categories. Suppose B
is a Grothendieck topology. A stack of categories is a contravariant pseudo functor
G : B → Cat which takes Grothendieck covers to bilimits, i.e. for any object B of
B and any Grothendieck cover {gi : Bi → B|i ∈ I} ∈ K(B) the diagram
∏
i∈I G(Bi)
p1 //
p2
//
∏
i,j∈I G(Bi ×B Bj) p13 //
p12 //
p23
//
∏
i,j,k∈I G(Bi ×B Bj ×B Bk)
has G(B) as a bilimit with universal pseudo cone π′ : ∆G(B) ⇒ F as defined above.
One common way to define a stack is via descent objects as in [17], [18], [42],
or [52].
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Definition 12.4. Let B be a Grothendieck topology and G : B → Cat a
contravariant pseudo functor. Suppose that {Bi → B}i is a Grothendieck cover.
Then an object with descent data on {Bi → B}i consists of an object {ai}i ∈∏
i∈I G(Bi) and isomorphisms φij : G(π
2
ij)aj → G(π
1
ij)ai in G(Bi ×B Bj) which
satisfy the cocycle condition
G(π13ijk)φik = G(π
12
ijk)φij ◦G(π
23
ijk)φjk
in G(Bi×BBj×BBk) up to the coherence isos of the pseudo functor G. See below.
A morphism of descent objects {ξi}i : {ai}i → {a′i}i is a morphism in
∏
i∈I G(Bi)
such that the diagram
G(π2ij)aj
φij //
G(π2ij)ξj

G(π1ij)ai
G(π1ij)ξi

G(π2ij)a
′
j
φ′ij
// G(π1ij)a
′
i
commutes in G(Bi ×B Bj). These objects and morphisms form the category of
descent data on the cover {Bi → B}i . This category is denoted G({Bi → B}i).
There is a functor G(B) → G({Bi → B}i) defined by a 7→ {G(gi)a}i where gi :
Bi → B are the morphisms from the Grothendieck cover. The φij belonging to the
image of a under this functor are φij := (γ
G
π1ij ,gi
a)−1 ◦ (γG
π2ij ,gj
a).
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The cocycle condition can be stated explicitly as the requirement that the fol-
lowing diagram commutes.
G(π23ijk)G(π
2
jk)ak
G(π23ijk)φjk //
γ
π23
ijk
,π2
jk
ak

G(π23ijk)G(π
1
jk)aj
γ
π23
ijk
,π1
jk
aj
// G(π1jk ◦ π
23
ijk)aj
G(π2jk ◦ π
23
ijk)ak G(π
2
ij ◦ π
12
ijk)aj
γ
−1
π12
ijk
,π2
ij
aj

G(π2ik ◦ π
13
ijk)ak
γ
−1
π13
ijk
,π2
ik
ak

G(π12ijk) ◦G(π
2
ij)aj
G(π12ijk)φij

G(π13ijk) ◦G(π
2
ik)ak
G(π13ijk)φik

G(π12ijk) ◦G(π
1
ij)ai
γ
π12
ijk
,π1
ij
ai

G(π13ijk) ◦G(π
1
ik)ai G(π
1
ik ◦ π
13
ijk)ai
γ
−1
π13
ijk
,π1
ik
ai
oo G(π1ij ◦ π
12
ijk)ai
This diagram is another reason why we require our pseudo functors to have coher-
ence arrows that are iso: if γ were not invertible, the cocycle condition cannot be
stated.
Definition 12.5. If B is a Grothendieck topology, then a Giraud stack of
categories on B is a contravariant pseudo functor G : B → Cat such that for
any object B of B and any Grothendieck cover {Bi → B}i of B, the functor
G(B)→ G({Bi → B}i) is an equivalence of categories.
1
Theorem 12.6. Let G : B → Cat be a contravariant pseudo functor from a
Grothendieck topology to the 2-category of small categories. Then G is a stack if
and only if it is a Giraud stack.
Proof: From Chapter 5 we know that the category L := PseudoCone(1, F )
is a pseudo limit of F . It is described as a subcategory of an appropriate product
in Remarks 5.4 and 5.5 in such a way that the pseudo cone π : ∆L ⇒ F consists of
projections as in Remark 5.6.
We claim that the category L of pseudo cones on a point is equivalent to the
category G({Bi → B}i) of descent data by a functor H : L → G({Bi → B}i).
1This is not standard terminology. We have only introduced it to distinguish the two defini-
tions in the proof of their equivalence.
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Recall from Remark 5.4 that each object of L corresponds to a tuple
{ai}i × {aij}ij × {aijk}ijk × {εf}f
of objects
{ai}i ∈
∏
i
G(Bi),
{aij}ij ∈
∏
ij
G(Bi ×B Bj),
{aijk}ijk ∈
∏
ijk
G(Bi ×B Bj ×B Bk),
and morphisms εf indexed by morphisms f of J appropriately. For example,
εf1 : F (f1){ai}i → {aij}ij . These morphisms satisfy the two axioms listed in
Remark 5.4. Each morphism in L corresponds to a tuple
{ξi}i × {ξij}ij × {ξijk}ijk
of morphisms in the product categories above and this tuple commutes with the
morphisms εf appropriately. Define
H({ai}i × {aij}ij × {aijk}ijk × {εf}f ) := {ai}i
H({ξi}i × {ξij}ij × {ξijk}ijk) := {ξi}i.
The descent data for {ai}i are defined as the components of {φij}ij := (εf1)
−1 ◦εf2 .
Morphisms of L map to morphisms of G({Bi → B}i) because the outer diagram of
(12.4) F (f1){ai}i εf1
//
F (f1){ξi}i

{aij}ij
{ξij}ij

F (f2){ai}i
F (f2){ξi}i

εf2
oo
{φij}ij
rr
F (f1){a′i}i
ε′f1 // {a′ij}ij F (f2){a
′
i}i
ε′f2oo
{φ′ij}ij
ll
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commutes by Remark 5.5. To see that the φij satisfy the cocycle condition, consider
the diagram below.
(12.5)
G(π23ijk)G(π
2
jk)ak
G(π23ijk)φjk //
γ
π23
ijk
,π2
jk
ak

G(π23ijk)ε
f2
jk
''OO
OO
OO
OO
OO
OO
OO
OO
OO
OO
OO
G(π23ijk)G(π
1
jk)aj
γ
π23
ijk
,π1
jk
aj
//
G(π23ijk)ε
f1
jk

G(π1jk ◦ π
23
ijk)aj
G(π2jk ◦ π
23
ijk)ak G(π
23
ijk)ajk G(π
2
ij ◦ π
12
ijk)aj
γ
−1
π12
ijk
,π2
ij
aj

G(π2ik ◦ π
13
ijk)ak
γ
−1
π13
ijk
,π2
ik
ak

G(π12ijk)aij G(π
12
ijk) ◦G(π
2
ij)aj
G(π12ijk)φij

G(π12ijk)ε
f2
ijoo
G(π13ijk) ◦G(π
2
ik)ak
G(π13ijk)φik

G(π13ijk)ε
f2
ik // G(π13ijk)aik G(π
12
ijk) ◦G(π
1
ij)ai
γ
π12
ijk
,π1
ij
ai

G(π12ijk)ε
f1
ij
ggOOOOOOOOOOOOOOOOOOOOOO
G(π13ijk) ◦G(π
1
ik)ai
G(π13ijk)ε
f1
ik
77oooooooooooooooooooooo
G(π1ik ◦ π
13
ijk)ai
γ
−1
π13
ijk
,π1
ik
ai
oo G(π1ij ◦ π
12
ijk)ai
We want to show that the outer rectangle commutes. The small triangles commute
by definition of φij . Next we draw another vertex aijk inside the rectangle but
outside the triangles. Then we draw the arrows εfijk for all non-identity morphisms
F of the category J with target Z. All of these arrows terminate at aijk. Each
of the resulting subdiagrams commutes because of the relations in J or because
of the second axiom on the morphisms εf in Remark 5.4 . Note that we are
using the notation εf = {ε
f
ijk}ijk. The outer rectangle commute because all of the
subdiagrams commute and everything is iso. Hence the φij ’s satisfy the cocycle
condition and H maps L into G({Bi → B}i). These assignments obviously define
a functor H .
The functor H is faithful. Suppose
H({ξi}i × {ξij}ij × {ξijk}ijk) = H({ξ
′
i}i × {ξ
′
ij}ij × {ξ
′
ijk}ijk).
Then {ξi}i = {ξ′i}i. From this we conclude {ξij}ij = {ξ
′
ij}ij by diagram (12.4). A
similar diagram with objects {aijk} and {a′ijk} in the center and arrows εf12 , εf23
and ε′f12 , ε
′
f23
pointing inward shows that {ξijk}ijk = {ξ′ijk}ijk.
The functor H is also full. Let {ξi}i be a morphism in the category of descent
data. Suppose further that its source and target lie in the image of H . Then the
outer diagram of diagram (12.4) commutes and we define {ξij}ij to be the unique
arrow that makes diagram (12.4) commute. It exists because the horizontal arrows
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are iso. We can also define {ξijk}ijk similarly, although we need to use diagram
(12.4) several times and the naturality of γG to show that the necessary diagrams
in Remark 5.5 commute.
The functor H is also surjective on objects. Suppose {ai} is an object with
descent data φij . Define aij := G(π
1
ij)ai and aijk := G(π
1
ik ◦ π
13
ijk)ai. Define ε
f1
ij :
G(π1ij)ai → aij to be the identity and ε
f2
ij := φij . Let ε
f13◦f1
ijk : G(π
1
ik ◦π
13
ijk)ai → aijk
also be the identity. Any ε indexed by an identity morphism is also trivial. Consider
diagram (12.5) with the additional vertex aijk and the additional ε’s mentioned just
after diagram (12.5). Requiring the inner diagrams to commute uniquely defines the
other ε’s which we did not define yet. The commutivity of these smaller diagrams
guarantees that the tuple
{ai}i × {aij}ij × {aijk}ijk × {εf}f
we have just defined is an object of L. This object obviously maps under H to
{ai}i with the correct descent data.
We conclude H is an equivalence because it is faithfully full and essentially
surjective. Hence the category L of pseudo cones is equivalent to the category
G({Bi → B}i) of descent data.
There is also a functor G(B) → L defined like the functor G(B) → G({Bi →
B}i) that makes the diagrams
G({Bi → B}i) L
Hoo ∆L
π

G(B)
99rrrrrrrrrrrrrrrr
OO
∆G(B)
8@zzzzzzzzzzzz
π′
+3 F
commute. Suppose G is a Giraud stack. Then the left vertical arrow is an equiv-
alence. Hence the functor G(B) → L is an equivalence and π′ makes G(B) into a
bilimit of F because L is a bilimit of F with pseudo limiting cone π. Hence G is a
stack.
Suppose G is a stack. Then π′ makesG(B) into a bilimit of F . Then the functor
G(B) → L is an equivalence because L is also a bilimit and the right diagram
commutes. Hence the functor G(B)→ G({Bi → B}i) is also an equivalence and G
is a Giraud stack.
This completes the proof that the two definitions of stack are equivalent.
Lastly, we define stacks of objects in a 2-category which admits bilimits, such
as the 2-category of pseudo algebras over a theory.
Definition 12.7. Let C be a 2-category whose objects have underlying cate-
gories. Suppose B is a Grothendieck topology and C admits bilimits. A stack of
objects of C is a contravariant pseudo functor G : B → C which takes Grothendieck
covers to bilimits, i.e. for any object B of B and any Grothendieck cover {gi : Bi →
B|i ∈ I} ∈ K(B) the diagram
∏
i∈I G(Bi)
p1 //
p2
//
∏
i,j∈I G(Bi ×B Bj) p13 //
p12 //
p23
//
∏
i,j,k∈I G(Bi ×B Bj ×B Bk)
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has G(B) as a bilimit with universal pseudo cone π′ : ∆G(B) ⇒ F as defined above.
For example, a stack of pseudo algebras over a theory T is a contravariant
pseudo functor from a Grothendieck topology into the 2-category of pseudo T -
algebras which takes Grothendieck covers to bilimits in the above sense.
CHAPTER 13
2-Theories, Algebras, and Weighted Pseudo Limits
The algebraic structure of the category of rigged surfaces can be described as a
pseudo algebra over a certain 2-theory as in [25], [26], and [27]. A pseudo algebra
over a 2-theory in this paper is the same as a lax algebra over a 2-theory in [25],
[26], and [27]. However, the 2-theories of [53], [54], and [55] are different from the
2-theories in this paper. In this chapter we review the relevant terminology and
prove results about limits. Before giving the definition of a 2-theory, we motivate
it with an example in the first section.
13.1. The 2-Theory End(X) Fibered over the Theory End(I)
Let I be a category and k a positive integer. Suppose X : Ik → Cat is a strict
2-functor from the category Ik to the 2-category Cat of small categories. Here
Ik is interpreted as a 2-category where the hom sets are discrete categories. We
will now describe the 2-theory End(X) fibered over the theory End(I), which is a
contravariant functor End(I)→ Cat satisfying certain properties.
Recall that the theory End(I) is the category with objects 0 = {∗}, 1 = I, 2 =
I2, 3 = . . . and morphismsMorEnd(I)(m,n) = Functors(I
m, In). Here {∗} denotes
the terminal object in the category of small categories. As with any theory, the the-
ory End(I) can be completely described by the sets End(I)(n) :=MorEnd(I)(n, 1),
a composition, substitution, and a unit which satisfy a list of axioms. See Theorem
6.10 or [25] for details.
From the theory End(I) we can obtain another category denoted End(I)k,
which also turns out to be a theory. It has objects 0 = {∗} × · · · × {∗}, 1 =
I×· · ·×I, 2 = I2×· · ·×I2, 3 = . . . (k copies in each product) and it has morphisms
MorEnd(I)k(m,n) := MorEnd(I)(m,n)
×k. For example, v ∈ MorEnd(I)k(m, 1) is
a functor v : (Im)k → Ik that is a k-tuple of functors Im → I. For n ∈ N and
1 ≤ i ≤ n, let pr×ki : (I
n)k → Ik be the morphism pr×ki ∈ MorEnd(I)k(n, 1) whose
k components are each the projection functor pri : I
n → I onto the i-th coordinate.
We can easily check that n ∈ Obj End(I)k is the product in End(I)k of n copies
of 1 with projection morphisms pr×k1 , . . . , pr
×k
n . Hence End(I)
k is itself a theory
and MorEnd(I)k(m,n) is in bijective correspondence with
∏n
i=1MorEnd(I)k(m, 1).
We identify these two sets via the usual bijection. In other words, for k-tuples
w1, . . . , wn ∈MorEnd(I)k(m, 1) we let
∏n
j=1 wj denote the unique morphismm→ n
of End(I)k such that
n
pr
×k
i // 1
m
∏n
j=1 wj
OO
wi
??~~~~~~~~~~~
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commutes for all i = 1, . . . , n. This notation differs from [25], in which the notation
(w1, . . . , wn) is used instead of the product. We reserve (w1, . . . , wn) for a different
morphism. The reason for our choice will become clear later. Using our convention,
we have w =
∏n
j=1 pr
×k
j ◦ w for w ∈MorEnd(I)k(m,n).
Since End(I)k is a theory, it has a substitution and a composition with unit
which satisfy certain axioms described in Chapter 6 and [25]. If f : {1, . . . , p} →
{1, . . . , q} is a function and w ∈ End(I)k(p) = MorEnd(I)k (p, 1) = MorEnd(I)(p, 1)
×k,
then the substituted word wf is obtained by substituting by f in each of the words
in the k-components of w. The composition is also done componentwise. The unit
1×k : I×· · ·× I → I×· · ·× I is k copies of the unit 1 : I → I in the theory End(I).
These explicit descriptions of substitution, composition, and unit follow from the
definitions of the projections in the theory End(I)k by the work in Chapter 6.
We follow the conventions of Chapter 6 to define a morphism (w1, . . . , wn). Let
wi ∈ End(I)k(mi) for i = 1, . . . , n. Let ιi : {1, . . . ,mi} → {1, . . . ,m1 +m2 + · · ·+
mn} be the injective function which takes the domain to the i-th block. Then there
exists a unique morphism (w1, . . . , wn) such that
n
pr
×k
i // 1
m1 +m2 + · · ·+mn
(w1,...,wn)
OO
(wi)ιi
88qqqqqqqqqqqqqqqqq
commutes for all i = 1, . . . , n. Explicitly, the morphism (w1, . . . , wn) is obtained
by doing an analogous process in each of the k components.
The strict 2-functor X : Ik → Cat gives rise to a contravariant functor
End(X) : End(I)→ Cat as follows. Form ∈ Obj End(I) the category End(X)(m)
has objects Obj End(X)(m) =
∐
n≥0MorEnd(I)k(m,n), in other words, the objects
of End(X)(m) are the arrows of End(I)k with domain m. For
∏p
i=1 vi,
∏q
i=1 wi ∈
Obj End(X)(m) where v1, . . . , vp, w1, . . . , wq ∈MorEnd(I)k(m, 1) we define the set
of morphismsMorEnd(X)(m)(
∏p
i=1 vi,
∏q
i=1 wi) to be the collection of natural trans-
formations
(13.1) α : X ◦ v1 ◦ d
m × · · · ×X ◦ vp ◦ d
m ⇒ X ◦ w1 ◦ d
m × · · · ×X ◦ wq ◦ d
m
where dm : Im → (Im)k is the diagonal functor. Note that X ◦ v1 ◦ dm × · · · ×
X ◦ vp ◦ dm and X ◦ w1 ◦ dm × · · · × X ◦ wq ◦ dm are functors Im → Cat. The
composition of morphisms in End(X)(m) is the vertical composition of natural
transformations. With these definitions, End(X)(m) is a category. We must still
define the contravariant functor End(X) on morphisms and verify that it preserves
identities and compositions. For any morphism u : Iℓ → Im of the theory End(I),
define u×k : (Iℓ)k → (Im)k to be the functor which is u in each of the k components.
Note that u×k ◦dℓ = dm ◦u : Iℓ → (Im)k. The functor End(X)(u) : End(X)(m)→
End(X)(ℓ) is defined on objects by End(X)(u)(
∏p
i=1 vi) :=
∏p
i=1 vi ◦ u
×k and on
morphisms α in (13.1) by End(X)(u)(α) := α ∗ iu where ∗ denotes the horizon-
tal composition of natural transformations and iu : u ⇒ u is the trivial natural
transformation. This makes sense because
(X ◦ v1 ◦ d
m × · · · ×X ◦ vp ◦ d
m) ◦ u = X ◦ v1 ◦ d
m ◦ u× · · · ×X ◦ vp ◦ d
m ◦ u
= X ◦ v1 ◦ u
×k ◦ dℓ × · · · ×X ◦ vp ◦ u
×k ◦ dℓ
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and
α∗iu : X◦v1◦u
×k◦dℓ×· · ·×X◦vp◦u
×k◦dℓ ⇒ X◦w1◦u
×k◦dℓ×· · ·×X◦wq◦u
×k◦dℓ
really is a morphism
End(X)(u)(
p∏
i=1
vi) =
p∏
i=1
vi ◦ u
×k →
p∏
i=1
wi ◦ u
×k = End(X)(u)(
q∏
i=1
wi).
If u : Iℓ → Im is the identity functor Im → Im, then End(X)(u) : End(X)(m)→
End(X)(m) is also the identity functor because vi ◦ u×k = vi for i = 1, . . . , p and
wi ◦ u×k = wi for i = 1, . . . , q and also α ∗ iu = α. If Ij
u1 //Im
u2 //Iℓ are
morphisms in End(I), then u×k2 ◦ u
×k
1 = (u2 ◦ u1)
×k and
(α ∗ iu2) ∗ iu1 = α ∗ (iu2 ∗ iu1) = α ∗ iu2◦u1 ,
which together imply that
End(X)(u2 ◦ u1) = End(X)(u1) ◦ End(X)(u2).
Thus End(X) : End(I) → Cat preserves identities and compositions and is a
contravariant functor.
The category End(X)(m) also admits certain products, which will be a fea-
ture of a general 2-theory. For v1, . . . , vp ∈ MorEnd(I)k(m, 1) and
∏p
i=1 vi ∈
MorEnd(I)k(m, p) ⊆ Obj End(X)(m) define projections prj :
∏p
i=1 vi → vj for
j = 1, . . . , p to be the projection natural transformations
X ◦ v1 ◦ d
m × · · · ×X ◦ vp ◦ d
m ⇒ X ◦ vj ◦ d
m.
Then
∏p
i=1 vi is obviously the product of v1, . . . , vp in the category End(X)(m)
with these projections. This explains the choice of notation
∏p
i=1 vi. This product
property will also be required of a general 2-theory. We record for later use how
these products allow us to define morphisms ι′ for every function ι : {1, . . . , p} →
{1, . . . , q}. Let w1, . . . , wq ∈ MorEnd(I)k(m, 1) ⊆ Obj End(X)(m). Then for a
function ι : {1, . . . , p} → {1, . . . , q} there exists a unique morphism ι′ such that
(13.2)
∏p
i=1 wι(i)
prℓ // wℓ
∏q
i=1 wi
ι′
OO
prι(ℓ)
;;xxxxxxxxxxxxx
commutes for all ℓ = 1, . . . , p. The arrows of the natural transformation ι′ : X ◦w1◦
dm× · · · ×X ◦wq ◦ dm ⇒ X ◦wι(1) ◦ d
m× · · · ×X ◦wι(p) ◦ d
m have the appropriate
projections as their components.
The 2-theory End(X) has several operations on it which any general 2-theory
will also have, once we define the notion of 2-theory. To make the description of
these operations easier, we follow the notation introduced by P. Hu and I. Kriz in
[25]. For objects w,w1, . . . , wq ∈MorEnd(I)k(m, 1) ⊆ Obj End(X)(m) we set
End(X)(w;w1, . . . , wq) :=MorEnd(X)(m)(
q∏
i=1
wi, w).
The operations of P. Hu and I. Kriz are collated in the following theorem.
150 13. 2-THEORIES, ALGEBRAS, AND WEIGHTED PSEUDO LIMITS
Theorem 13.1. The contravariant functor End(X) : End(I) → Cat has the
following operations.
(1) For each w ∈ T k(m) there exists a unit 1w ∈ End(X)(w;w).
(2) For all w,wi, wij ∈ MorEnd(I)k(m, 1) there is a function called End(X)-
composition.
γ : End(X)(w;w1, . . . , wq)×End(X)(w1;w11, . . . , w1p1)×· · ·×End(X)(wq;wq1, . . . , wqpq )
→ End(X)(w;w11, . . . , wqpq )
(3) Let w,w1, . . . , wq ∈ MorEnd(I)k(m, 1). For any function ι : {1, . . . , p} →
{1, . . . , q} there is a function
()ι : End(X)(w;wι(1), . . . , wι(p))→ End(X)(w;w1, . . . , wq)
called End(X)-functoriality.
(4) Let w,w1, . . . , wq ∈MorEnd(I)k(m, 1). For any function f : {1, . . . ,m} →
{1, . . . , ℓ} there is a function
()f : End(X)(w;w1, . . . , wq)→ End(X)(wf ; (w1)f , . . . , (wq)f )
where wf means to substitute f in each of the words in the k-tuple w. This
function is called End(I)-functoriality. Note that End(X)(w;w1, . . . , wq)
is a hom set in the category End(X)(m) while on the other hand
End(X)(wf ; (w1)f , . . . , (wq)f ) is a hom set in the category End(X)(ℓ).
(5) For ui ∈ End(I)(ki), i = 1, . . . ,m and w,w1, . . . , wq ∈ MorEnd(I)k(m, 1)
let vj := γ
×k(wj ;u
×k
1 , . . . , u
×k
m ) for j = 1, . . . , q and furthermore let v :=
γ×k(w;u×k1 , . . . , u
×k
m ). Then there is a function
(u1, . . . , um)
∗ : End(X)(w;w1, . . . , wq)→ End(X)(v; v1, . . . , vq)
called End(I)-substitution. Here γ×k means to use the composition of the
theory End(I) in each of the k components, which coincides with compo-
sition in the theory End(I)k. Note that End(X)(w;w1, . . . , wq) is a hom
set in the category End(X)(m) while End(X)(v; v1, . . . , vq) is a hom set
in the category End(X)(k1 + · · ·+ km).
Proof:
(1) The unit 1w : X◦w◦dm ⇒ X◦w◦dm is the identity natural transformation
iX◦w◦dm : X ◦ w ◦ dm ⇒ X ◦ w ◦ dm.
(2) Let α :
∏q
i=1 wi → w and αi :
∏pi
j=1 wij → wi for i = 1, . . . , q be mor-
phisms of End(X)(m). Let ιℓ : {1, . . . , pℓ} → {1, . . . , p1 + p2 + · · · + pq}
be the injective function which takes the domain to the ℓ-th block. We
take the product
∏q
i=1
∏pi
j=1 wij to be
q∏
i=1
pi∏
j=1
wij = w11 × w12 × · · ·w1p1 × w21 × · · · × w2p2 × w31 × · · · × wqpq .
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Then there exists a unique morphism (α1, . . . , αq) such that
∏q
i=1 wi
pr
×k
ℓ // wℓ
∏q
i=1
∏pi
j=1 wij
(α1,...,αq)
OO
(αℓ)ιℓ
::uuuuuuuuuuuuuu
commutes for all ℓ = 1, . . . , q. This means that
(α1, . . . , αq) : X ◦ w11 ◦ d
m × · · · ×X ◦ wqpq ◦ d
m ⇒
X ◦ w1 ◦ d
m ×X ◦ w2 ◦ d
m × · · · ×X ◦ wq ◦ d
m
is the natural transformation which is αℓ onX◦wℓ1◦dm×· · ·×X◦wℓpℓ◦d
m.
Define
γ(α;α1, . . . , αq) := α ◦ (α1, . . . αq)
where the composition is in the category End(X)(m).
(3) Let w1, . . . , wq ∈ MorEnd(I)k(m, 1) and ι : {1, . . . , p} → {1, . . . , q} be
a function. Let ι′ :
∏q
i=1 wi →
∏q
i=1 wι(i) be the morphism defined in
diagram (13.2). Then we define End(X)-functoriality
End(X)(w;wι(1), . . . , wι(p))→ End(X)(w;w1, . . . , wq)
by α 7→ α ◦ ι′.
(4) A function f : {1, . . . ,m} → {1, . . . , ℓ} induces a morphism f ′ : ℓ →
m in End(I) which in turn gives rise to a morphism (f ′)×k : (Iℓ)k →
(Im)k in End(I)k. Then wf = w ◦ (f ′)×k by definition and the functor
End(X)(f ′) : End(X)(m)→ End(X)(ℓ) gives us a map of hom sets
()f : End(X)(w;w1, . . . , wq)→ End(X)(wf ; (w1)f , . . . , (wq)f ).
(5) Let ιi : {1, . . . , ki} → {1, . . . , k1 + k2 + · · · + km} be the injective map
which takes the domain to the i-th block. Let (u×k1 , . . . , u
×k
m ) denote the
unique morphism in End(I)k such that
m
pr
×k
i // 1
k1 + k2 + · · ·+ km
(u×k1 ,...,u
×k
m )
OO
(ui)
×k
ιi
88rrrrrrrrrrrrrrrr
commutes. Then we know from the general theory of theories that
γ×k(w;u×k1 , . . . , u
×k
m ) = w ◦ (u
×k
1 , . . . , u
×k
m ) where the composition “◦” is
the composition in the categoryEnd(I)k. ThenEnd(X)(u×k1 , . . . , u
×k
m )(w)
= v and the functor End(X)(u×k1 , . . . , u
×k
m ) gives us the desired map of
hom sets.
These operations on End(X) satisfy certain relations.
Theorem 13.2. The operations on the contravariant functor End(X) : End(I)→
Cat satisfy the following relations.
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(1) End(X)-composition is associative, i.e.
γ(α; γ(α1;α11, . . . , α
1
n1
), γ(α2;α21, . . . , α
2
n2
), . . . , γ(αq;αq1, . . . , α
q
nq
)) is the
same as γ(γ(α;α1, . . . , αq), α11, . . . α
1
n1
, α21, . . . , α
2
n2
, . . . , α
q
1, . . . , α
q
nq
).
(2) End(X)-composition is unital, i.e. for α ∈ End(X)(w;w1, . . . , wq) we
have γ(α; 1w1 , . . . , 1wq) = α = γ(1w;α).
(3) End(X)-functoriality is functorial, i.e. for functions
{1, . . . , p}
ι //{1, . . . , q}
θ //{1, . . . , r} the composition
End(X)(w;wθι(1), . . . , wθι(p))
()ι // End(X)(w;wθ(1), . . . , wθ(q))
()θ //End(X)(w;w1, . . . , wr)
is the same as
End(X)(w;wθι(1), . . . , wθι(p))
()θ◦ι //End(X)(w1, . . . , wr)
and for the identity idq : {1, . . . , q} → {1, . . . , q} the map
()idq : End(X)(w;w1, . . . , wq)→ End(X)(w;w1, . . . , wq) is the identity.
(4) The End(X)-compositions γ are equivariant with respect to End(X)-
functoriality in the sense that if ι : {1, . . . , p} → {1, . . . , q} is a function,
α ∈ End(X)(w;wι(1), . . . , wι(p)), and αℓ ∈ End(X)(wℓ;wℓ1, . . . , wℓpℓ) for
ℓ = 1, . . . , q then
γ(αι;α1, . . . , αq) = γ(α;αι(1), . . . , αι(p))
ι¯,
where ι¯ : {1, 2, . . . , pι(1) + · · · + pι(p)} → {1, 2, . . . , p1 + · · · + pq} is the
function obtained by parsing the sequence 1, 2, . . . , p1 + · · ·+ pq into con-
secutive blocks B1, . . . , Bq of lengths p1, . . . , pq and then writing them in
the order Bι(1), . . . , Bι(p) as in Example 6.3.
(5) The End(X)-compositions γ are equivariant with respect to
End(X)-functoriality in the sense that if α ∈ End(X)(w;w1, . . . , wq),
αℓ ∈ End(X)(wℓ;wℓιℓ(1), . . . , wℓιℓ(p′ℓ)), and ιℓ : {1, . . . , p
′
ℓ} → {1, . . . , pℓ}
are functions for ℓ = 1, . . . , q then
γ(α; (α1)
ι1 , . . . , (αq)
ιq) = γ(α;α1, . . . , αq)
ι1+···ιq
where ι1 + · · ·+ ιq : {1, . . . , p′1 + · · · + p
′
q} → {1, . . . , p1 + · · · + pq} is the
function obtained by placing ι1, . . . , ιq side by side.
(6) End(I)-functoriality is functorial, i.e.
for functions {1, . . . , n}
f //{1, . . . ,m}
g //{1, . . . , ℓ} and words
w,w1, . . . , wq ∈MorEnd(I)k(n, 1) the composition
End(X)(w;w1, . . . , wq)
()f //End(X)(wf ; (w1)f , . . . , (wq)f )
()g //End(X)((wf )g; ((w1)f )g, . . . , ((wq)f )g)
is the same as
End(X)(w;w1, . . . , wq)
()g◦f //End(X)(wg◦f ; (w1)g◦f , . . . , (wq)g◦f )
and for the identity idn : {1, . . . n} → {1, . . . , n} the map
()idn : End(X)(w;w1, . . . , wq)→ End(X)(w;w1, . . . , wq) is the identity.
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(7) End(I)-substitution is associative.
Let w,w1, . . . , wq ∈ MorEnd(I)k(m, 1), ti ∈ End(I)(ki) for i = 1, . . . ,m
and sij ∈ End(I)(kij) for 1 ≤ i ≤ m and 1 ≤ j ≤ ki. Let
v := γ×k(w; t×k1 , . . . , t
×k
m )
vℓ := γ
×k(wℓ; t
×k
1 , . . . , t
×k
m )
u := γ×k(v; s×k11 , s
×k
12 , . . . , s
×k
1k1
, s×k21 , . . . , s
×k
31 , . . . , s
×k
m1, . . . , s
×k
mkm
)
uℓ := γ
×k(vℓ; s
×k
11 , s
×k
12 , . . . , s
×k
1k1
, s×k21 , . . . , s
×k
31 , . . . , s
×k
m1, . . . , s
×k
mkm
)
for ℓ = 1, . . . , q. Then the composition
End(X)(w;w1, . . . , wq)
(t1,...,tm)
∗
//End(X)(v; v1, . . . , vq)
(s11,...,smkm )
∗
//End(X)(u;u1, . . . uq)
is the same as
End(X)(w;w1, . . . , wq)
(r1,...,rm)
∗
//End(X)(u;u1, . . . , uq)
where ri = γ
×k(t×ki ; s
×k
i1 , s
×k
i2 , . . . , s
×k
iki
) = γEnd(I)(ti; si1, si2, . . . , siki)
×k
for i = 1, . . . ,m. Note that u =
γ×k(w; γ×k(t×k1 ; s
×k
11 , s
×k
12 , . . . , s
×k
1k1
), . . . , γ×k(t×km ; s
×k
m1, s
×k
m2, . . . , s
×k
mkm
)).
(8) End(I)-substitution is unital.
For the unit 1 ∈ End(I)(1) of the theory End(I) and
w,w1, . . . , wq ∈MorEnd(I)k(m, 1) the function
(1, . . . , 1)∗ : End(X)(w;w1, . . . , wq)→ End(X)(w;w1, . . . , wq)
is the identity.
(9) End(X)-composition is End(I)-equivariant.
If f : {1, . . . ,m} → {1, . . . , ℓ} is a function, w,wi, wij ∈MorEnd(I)k(m, 1),
α ∈ End(X)(w;w1, . . . wq), and αj ∈ End(X)(wj ;wj1, . . . , wjpj ) for j =
1, . . . , q, then
γ(αf ; (α1)f , . . . , (αq)f ) = γ(α;α1, . . . , αq)f .
(10) End(X)-functoriality and End(I)-functoriality commute.
For functions ι : {1, . . . , p} → {1, . . . , q} and f : {1, . . . ,m} → {1, . . . , ℓ}
and morphism α ∈ End(X)(w;wι(1), . . . , wι(p)) we have (α
ι)f = (αf )
ι.
(11) End(X)-functoriality and End(I)-substitution commute.
The diagram
End(X)(w;wι(1), . . . , wι(p))
()ι //
(u1,...,um)
∗

End(X)(w;w1, . . . , wq)
(u1,...,um)
∗

End(X)(v; vι(1), . . . , vι(p))
()ι
// End(X)(v; v1, . . . , vq)
commutes.
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(12) End(I)-functoriality and End(I)-substitution commute, in the sense that
if fi : {1, . . . , ki} → {1, . . . , k′i} are functions and ui ∈ End(I)(ki) for
i = 1, . . . ,m and w,w1, . . . , wq ∈ End(I)k(m), then the diagram below
commutes.
End(X)(w;w1, . . . , wq)
(u1,...,um)
∗
//
((u1)f1 ,...,(um)fm )
∗
++VVVV
VVVV
VVVV
VVVV
VVVV
VVVV
VVV
End(X)(v; v1, . . . , vq)
()f1+···+fm

End(X)(vf1+···+fm ; (v1)f1+···+fm , . . . , (vq)f1+···+fm)
Note that
γ×k(w; (u1)
×k
f1
, . . . , (um)
×k
fm
) = γ×k(w;u1, . . . , um)f1+···+fm
= vf1+···+fm .
(13) End(I)-functoriality and End(I)-substitution commute, in the sense that
if f : {1, . . . ,m} → {1, . . . , ℓ} is a function and ui ∈ End(I)(ki) for
i = 1, . . . , ℓ, then the diagram
End(X)(w;w1, . . . , wq)
()f //
(uf1,...,ufm)
∗

End(X)(wf ; (w1)f , . . . , (wq)f )
(u1,...,uℓ)
∗

End(X)(v; v1, . . . , vq)
()f¯
// End(X)(vf¯ ; (v1)f¯ , . . . , (vq)f¯ )
commutes, where v = γ×k(w;uf1, . . . , ufm) and vf¯ = γ
×k(wf ;u1, . . . , uℓ)
etc.
(14) End(I)-substitution and End(I)-composition commute.
Let w,wi, wij ∈ MorEnd(I)k(m, 1) and ui ∈ End(I)(ki) for i = 1, . . . ,m.
Let α ∈ End(X)(w;w1, . . . , wq), αℓ ∈ End(X)(wℓ;wℓ1, . . . , wℓpℓ) for ℓ =
1, . . . , q and β := (u1, . . . , um)
∗α etc. Then
(u1, . . . , um)
∗γ(α;α1, . . . , αq) = γ(β;β1, . . . , βq).
This concludes our motivational discussion of the 2-theory End(X) fibered
over the theory End(I) for a 2-functor X : I2 → Cat. Next we turn to the general
discussion.
13.2. 2-Theories and Algebras over 2-Theories
A general 2-theory has all of the properties described in the example above. P.
Hu and I. Kriz introduce the notion of a 2-theory in [25] as follows.
Definition 13.3. A 2-theory Θ fibered over the theory T , written (Θ, T ) for
short, is a natural number k, a theory T , and a contravariant functor Θ : T → Cat
from the category T to the 2-category Cat of small categories such that
• Obj Θ(m) =
∐
n≥0MorTk(m,n) for all m ∈ N, where T
k is the theory
with the same objects as T , but with MorTk(m,n) =MorT (m,n)
k
• If w1, . . . , wn ∈ MorTk(m, 1), then the word in MorTk(m,n) with which
the n-tuple w1, . . . , wn is identified is the product in Θ(m) of w1, . . . , wn
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• For w ∈ MorT (m,n) the functor Θ(w) : Θ(n) → Θ(m) is Θ(w)(v) =
v ◦ w×k on objects v ∈MorTk(n, j).
For objects w1, . . . , wn, w ∈MorTk(m, 1) ⊆ Obj Θ(m) we set
Θ(w;w1, . . . , wn) :=MorΘ(m)(
n∏
i=1
wi, w).
The second condition explains the choice of notation
∏n
i=1 wi. Given a 2-theory
such as this, it has operations and relations as in Theorem 13.1. Vice-a-versa,
given sets Θ(w;w1, . . . , wn) :=MorΘ(m)(
∏n
i=1 wi, w) with operations and relations
as in Theorems 13.1 and 13.2 we get a 2-theory. We refer to these operations and
relations as the operations and relations of 2-theories. Recall that a pseudo algebra
I over a theory T is a category such that for every word w ∈ T (n) we have a
functor Φn(w) : I
n → I. Moreover, for every operation of theories (composition,
substitution, and identity) we have a coherence iso and for every relation of theories
we have a coherence diagram. A pseudo (Θ, T )-algebra can be defined analogously.
Definition 13.4. Let (Θ, T ) be a 2-theory. A pseudo (Θ, T )-algebra over Ik
consists of the following data:
• a small pseudo T -algebra I with structure maps Φ : T (n)→ Functors(In, I)
• a strict 2-functor X : Ik → Cat
• set maps φ : Θ(w;w1, . . . , wn) → End(X)(Φ(w); Φ(w1), . . . ,Φ(wn)), where
Φ(w) means to apply Φ to each component of w to make Ik into the
product pseudo T -algebra of k copies of I
• a coherence iso modification for each operation of 2-theories and these
coherence iso modifications satisfy coherence diagrams indexed by the
relations of 2-theories.
A morphism of pseudo (Θ, T )-algebras over Ik is similar to a morphism of
pseudo T -algebras.
Definition 13.5. Let X,Y : Ik → Cat be pseudo (Θ, T )-algebras over Ik.
Then a morphism H : X → Y of pseudo (Θ, T )-algebras over Ik is a strict 2-
natural transformation H : X ⇒ Y with coherence iso modifications ρα indexed by
elements α ∈ Θ(w;w1, . . . , wn), where w,w1, . . . , wn ∈ Obj Θ(m).
X ◦ Φ(w1) ◦ dm × · · · ×X ◦ Φ(wn) ◦ dm
φX(α) +3
H∗iΦ(wn)∗idm

H∗iΦ(w1)∗idm

···
X ◦ Φ(w) ◦ dm
H∗iΦ(w)∗idm

ρα
}} }=
}=
}=
}=
}=
}=
}=
}=
Y ◦ Φ(w1) ◦ dm × · · · × Y ◦ Φ(wn) ◦ dm
φY (α)
+3 Y ◦ Φ(w) ◦ dm
The coherence iso modification ρα is required to commute with all coherence iso
modifications of the pseudo algebra structure.
The 2-cells of pseudo (Θ, T )-algebras over Ik are also similar to the 2-cells of
pseudo T -algebras.
Definition 13.6. Let G,H : X → Y be morphisms of pseudo (Θ, T )-algebras
over Ik. Then a 2-cell σ : G ⇒ H is a modification which commutes with the
coherence iso modifications ρG and ρH appropriately.
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Theorem 13.7. The pseudo (Θ, T )-algebras over Ik form a 2-category.
Proof: Routine.
13.3. The Algebraic Structure of Rigged Surfaces
The purpose of this section is to introduce the category of rigged surfaces as an
example of a pseudo algebra over a 2-theory fibered over a theory and to describe its
stack structure. This approach was introduced in [25] by P. Hu and I. Kriz. In their
terminology, a smooth, compact, not necessarily connected, 2-dimensional manifold
x with a complex structure is called a rigged surface if each boundary component k
comes equipped with a parametrization diffeomorphism fk : S
1 → k which is ana-
lytic with respect to the complex structure on x, i.e. the diffeomorphism fk extends
to a holomorphic map when we go into local coordinates. A boundary component
k is called inbound or outbound depending on the orientation of its parametrization
fk with respect to the orientation on k induced by the complex structure. The
convention is to call the identity parametrization of the boundary of the unit disk
inbound. A morphism of rigged surfaces is a holomorphic diffeomorphism which
preserves the boundary parametrizations.
The structure of the category of rigged surfaces has the following features, which
were studied in [25]. For finite sets a and b, let Obj Xa,b denote the set of rigged
surfaces x equipped with a bijection between the inbound boundary components of
x and a as well as a bijection between the outbound boundary components of x and
b. For x, y ∈ Obj Xa,b, letMorXa,b (x, y) be the morphisms of rigged surfaces which
preserve the bijections with a and b. For finite sets a, b, c, and d we can take the
disjoint union of any two rigged surfaces x ∈ Obj Xa,b and y ∈ Obj Xc,d and the
result is an element of Obj Xa
∐
c,b
∐
d. We can apply this process to morphisms as
well, and we get a functor
∐
: Xa,b×Xc,d → Xa∐ c,b∐ d called disjoint union. Note
that this functor is indexed by the finite sets a, b, c, and d. For finite sets a, b, and
c we also have a gluing functor ?ˇ : Xa
∐
c,b
∐
c → Xa,b which identifies an inbound
boundary component k with an outbound boundary component k′ according to
fk(z) ∼ fk′(z) for all z ∈ S1 whenever k and k′ are labelled by the same element
of c. This gluing functor is also indexed by the finite sets a, b, and c. There is
also a unit 0 in X0,0 given by the empty set. These disjoint union functors, gluing
functors, and unit along with their coherence isos and coherence diagrams give the
category of rigged surfaces the structure of a pseudo algebra over the 2-theory of
commutative monoids with cancellation. More precisely, if I denotes the category
of finite sets and bijections, then the assignment (a, b) 7→ Xa,b defines a strict 2-
functor X : I2 → Cat which is a pseudo algebra over the 2-theory which we now
describe.
We define the 2-theory (Θ, T ) of commutative monoids with cancellation as
follows. Let T be the theory of commutative monoids and let + : 2 → 1 and
0 : 0 → 1 be the usual words in the theory of commutative monoids. Let k = 2.
The 2-theory Θ is generated by three words: addition +, cancellation ?ˇ, and unit
0. These are described in terms of a general algebra X : I2 → Sets over (Θ, T ) as
follows. Note that + and 0 have two meanings.
+ : Xa,b ×Xc,d → Xa+c,b+d
?ˇ : Xa+c,b+c → Xa,b
0 ∈ X0,0
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These generating words must satisfy the following axioms.
(1) The word + is commutative.
Xa,b ×Xc,d
+ //

Xa+c,b+d
Xc,d ×Xa,b
+
// Xc+a,d+b
(2) The word + is associative.
(Xa,b ×Xc,d)×Xe,f

+×1Xe,f // Xa+c,b+d ×Xe,f
+

Xa,b × (Xc,d ×Xe,f )
1Xa,b×+

X(a+c)+e,(b+d)+f
Xa,b ×Xc+e,d+f
+
// Xa+(c+e),b+(d+f)
(3) The word + has unit 0 ∈ X0,0.
Xa,b × {0}
+ //
pr1
%%KK
KK
KK
KK
KK
KK
KK
Xa+0,b+0
Xa,b
(4) The word ?ˇ is transitive.
X(a+c)+d,(b+c)+d
?ˇ // Xa+c,b+c
?ˇ

Xa+(c+d),b+(c+d)
?ˇ
// Xa,b
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(5) The word ?ˇ distributes over the word +.
Xa+c,b+c ×Xe,f
+ //
?ˇ×1Xe,f

X(a+c)+e,(b+c)+f
X(a+e)+c,(b+f)+c
?ˇ

Xa,b ×Xe,f
+
// Xa+e,b+f
(6) Trivial cancellation is trivial.
Xa+0,b+0
?ˇ //
HH
HH
HH
HH
HH
HH
H
HH
HH
HH
Xa,b
1Xa,b

Xa,b
The category of rigged surfaces forms a pseudo algebra over this 2-theory of
commutative monoids with cancellation. The category I of finite sets and bijections
equipped with the operation
∐
is a pseudo algebra over the theory T of commutative
monoids. The pseudo algebra structure on X : I2 → Cat is given by assigning a
fixed choice of
∐
to +, gluing of manifolds to ?ˇ, and the empty set to 0. This
defines the structure maps Θ(w;w1, . . . , wn)→ End(X)(w;w1, . . . , wn).
In [25] and [26] the algebraic structure of holomorphic families of rigged sur-
faces is captured by a stack of pseudo algebras over the 2-theory of commutative
monoids with cancellation, which is also called a stack of lax commutative monoids
with cancellation (SLCMC). We describe this stack now. Let B be the category of
finite dimensional complex manifolds with morphisms holomorphic maps. A col-
lection {Bi → B}i of (open) holomorphic embeddings are a cover if their combined
image covers B. This makes B into a Grothendieck topology. For any finite di-
mensional complex manifold B let IB denote the category of covering spaces of B
with finite fibers and morphisms given by isomorphisms of covering spaces. The
category IB is a pseudo commutative monoid under
∐
. Let s and t be objects of B.
Define XBs,t as the category of holomorphic families of rigged surfaces over B with
inbound boundary components labelled by the covering space s of B and outbound
boundary components labelled by the covering space t of B. Such a holomorphic
family x is by definition a complex manifold x with analytic boundary and a trans-
verse holomorphic map p : x→ B such that xb = p−1(b) is a rigged surface for all
b ∈ B. Moreover, the boundary parametrizations of p−1(b) vary holomorphically
with b in the precise sense on page 330 of [25]. To say that the inbound boundary
components of x are labelled by the covering space s means that for each b ∈ B
the rigged surface xb is equipped with a bijection between its inbound boundary
components and the fiber of s over b. The explanation for the covering space t
labelling the outbound boundary components is similar. With these definitions as
well as disjoint union, gluing, and empty set, the functor XB : (IB)2 → Cat is a
pseudo algebra over the 2-theory of commutative monoids with cancellation.
13.4. WEIGHTED PSEUDO LIMITS OF PSEUDO (Θ, T )-ALGEBRAS 159
Let C denote the 2-category of pseudo algebras over the 2-theory of commutative
monoids with cancellation. This 2-category admits bilimits, which we prove in a
special case in the next section. Define a contravariant pseudo functor G : B → C
by taking a finite dimensional complex manifold B to the pseudo algebra XB over
the 2-theory of commutative monoids with cancellation with underlying pseudo
commutative monoid IB. Then G takes Grothendieck covers to bilimits because it
does so on the underlying categories comprising the pseudo algebras. Hence G is a
stack. It is in this sense that the category of rigged surfaces forms a stack.
13.4. Weighted Pseudo Limits of Pseudo (Θ, T )-Algebras
The 2-category of pseudo (Θ, T )-algebras admits weighted pseudo limits, just
like the 2-category of pseudo T -algebras. In the following theorem we prove this for
pseudo (Θ, T )-algebras with fixed underlying pseudo T -algebra Ik. The proof can
be modified to the general case of pseudo (Θ, T )-algebras with different underlying
pseudo T -algebras by taking the pseudo limit of the underlying pseudo T -algebras
as well.
Theorem 13.8. Let J be a 1-category and C the 2-category of pseudo (Θ, T )-
algebras over Ik. Let F : J → C be a pseudo functor. Then F admits a pseudo
limit (X,π) in C, where π : ∆X ⇒ F is a universal pseudo cone.
Proof: Let γ and δ be the 2-cells in C which make F into a pseudo functor. For
each j ∈ Obj J , let Xj : Ik → Cat be the strict 2-functor belonging to the pseudo
(Θ, T )-algebra Fj. Then for each fixed object i ∈ Obj Ik and each object j ∈ J we
have a category Xji . For each morphism f : j → m in J , the map Ff : X
j ⇒ Xm
is a strict 2-natural transformation which gives us a functor (Ff)i : X
j
i → X
m
i
for each i ∈ Obj Ik. Thus for fixed i we have a pseudo functor Fi : J → Cat
defined by j 7→ Xji and f 7→ (Ff)i. The coherence isos of Fi are the coherence iso
modifications of F evaluated at i.
Let Xi := PseudoCone(1, Fi), where 1 is the terminal object in the category
of small categories. Then it is known from Chapter 5 that Xi is the pseudo limit of
Fi in Cat. Proceeding analogously on morphisms of I
k, we obtain a strict 2-functor
X : Ik → Cat defined by i 7→ Xi. More precisely, if h : i1 → i2 is a morphism in Ik
and η ∈ Obj Xi1 , then Xh(η)(j) := X
j
h(η(j)) for j ∈ Obj J .
A more conceptual way to view the construction of the strict 2-functor X :
Ik → Cat is the following. For i ∈ Ik, let Fi : J → Cat be the pseudo functor
from above. For a morphism h : i1 → i2 in Ik, let Fh : Fi1 ⇒ Fi2 be the pseudo
natural transformation given by Fh(j) := X
j
h. The pseudo natural transformation
Fh is actually strictly 2-natural because Ff : X
j ⇒ Xm is a strict 2-natural
transformation for each f : j → m in J . Thus i 7→ Fi and h 7→ Fh define a strict
functor Ik → Functors(J , Cat). Now recall that PseudoCone(1,−) is a covariant
functor from Functors(J , Cat) to Cat. The composition
Ik //Functors(J , Cat)
PseudoCone(1,−) //Cat
is X : Ik → Cat.
We claim that this 2-functorX : Ik → Cat has the structure of a pseudo (Θ, T )-
algebra. The argument is like Lemma 8.2, although the coherences need some care.
First we define maps φ : Θ(w;w1, . . . , wn) → End(X)(Φ(w); Φ(w1), . . . ,Φ(wn)),
160 13. 2-THEORIES, ALGEBRAS, AND WEIGHTED PSEUDO LIMITS
where w1, . . . , wn, w ∈MorTk(m, 1). Let α ∈ Θ(w;w1, . . . , wn). We need to define
a natural transformation
φ(α) : X ◦ Φ(w1) ◦ d
m × · · · ×X ◦ Φ(wn) ◦ d
m ⇒ X ◦ Φ(w) ◦ dm
“componentwise,” where dm : Im → (Im)k is the diagonal functor. Let
φj : Θ(w;w1, . . . , wn) //End(Xj)(Φ(w); Φ(w1), . . . ,Φ(wn))
be the maps that make Xj : Ik → Cat into a pseudo (Θ, T )-algebra for each
j ∈ Obj J . Let i ∈ Im. We define a functor
(φ(α))i : XΦ(w1)◦dm(i) × · · · ×XΦ(wn)◦dm(i) //XΦ(w)◦dm(i)
and show that i 7→ (φ(α))i is natural. Recall that objects of
XΦ(wℓ)◦dm(i) = PseudoCone(1, FΦ(wℓ)◦dm(i))
can be identified with a subset of
{(aj)j × (εf )f ∈
∏
j∈Obj J
Obj X
j
Φ(wℓ)◦dm(i)
×
∏
f∈Mor J
Mor X
Tf
Φ(wℓ)◦dm(i)
|
εf : (Ff)Φ(wℓ)◦dm(i)(aSf )→ aTf is iso for all f ∈Mor J }
by Remark 5.4. A similar statement holds for morphisms according to 5.5. Let
ηℓ = (aℓj)j × (ε
ℓ
f )f ∈ Obj XΦ(wℓ)◦dm(i) and (ξ
ℓ
j)j ∈Mor XΦ(wℓ)◦dm(i) for 1 ≤ ℓ ≤ n.
Define
aj := (φj(α))i(a
1
j , . . . , a
n
j )
and
εf := (φTf (α))i(ε
1
f , . . . , ε
n
f ) ◦ (ρ
Ff
α )i(a
1
Sf , . . . , a
n
Sf ).
Note that
(ρFfα )i(a
1
Sf , . . . , a
n
Sf ) : (Ff)Φ(wℓ)◦dm(i)(φSf (α))i(a
1
Sf , . . . , a
n
Sf) //
(φTf (α))i((Ff)Φ(wℓ)◦dm(i)(a
1
Sf ), . . . , (Ff)Φ(wℓ)◦dm(i)(a
n
Sf ))
and the composition in the definition of εf makes sense. Also define
ξj := (φj(α))i(ξ
1
j , . . . , ξ
n
j ).
Then φ(α) is defined “componentwise” by
(φ(α))i(η
1, . . . , ηn) := (aj)j × (εf )
and
(φ(α))i((ξ
1
j )j , . . . , (ξ
n
j )j) := (ξj)j .
By an argument similar to the proof of Lemma 8.2, these images are actually
in XΦ(w)◦dm(i). Next note that i 7→ (φ(α))i is natural because i 7→ (φj(α))i is
natural for all j ∈ Obj J , i.e. i 7→ (φ(α))i is natural in each “coordinate” and
is therefore natural. Hence we have constructed set maps φ : Θ(w;w1, . . . , wn) →
End(X)(Φ(w); Φ(w1), . . . ,Φ(wn)).
We define the coherence iso modifications for φ to be those modifications which
have the coherence iso modifications for φj in the j-th coordinate. For example, we
define the identity modification Iw : 1Φ(w)  φ(1w) by
Iw((aj)j × (εf )f ) := (I
j
w(aj))j
for i ∈ Im and (aj)j × (εf )f ∈ XΦ(w)◦dm(i). The arrow Iw((aj)j × (εf )f ) is an
arrow in the category XΦ(w)◦dm(i) by an argument like the proof of Lemma 8.2.
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Similarly, we can show that these assignments are modifications and that the co-
herence diagrams are satisfied because everything is done componentwise. Hence
X : Ik → Cat has the structure of a pseudo (Θ, T )-algebra.
Next we need a universal pseudo cone π : ∆X ⇒ F , where ∆X : J → C is
the constant functor which takes everything to X . Define a natural transformation
πj : X ⇒ Xj by letting πj(i) : Xi ⇒ X
j
i be the projection. The natural transfor-
mation πj commutes with the (Θ, T ) structure maps, and so πj is a morphism of
pseudo (Θ, T )-algebras by taking the coherence iso modifications to be trivial. The
assignment j 7→ πj is pseudo natural with coherence 2-cell τj,m(f) : Ff ◦ πj ⇒ πm
for each f : j → m in J as in the 1-theory case. A similar argument to the 1-theory
case shows that τj,m(f) is a 2-cell in C. Hence, we have a pseudo natural transfor-
mation π : ∆X ⇒ F . We can prove the universality of π by applying the argument
in the lemmas leading up to Theorem 8.9 to Xi → X
j
i for each fixed i ∈ Obj I
k
and then passing to functors Ik → Cat. We must of course take the coherence isos
into consideration.
We conclude that (X,π) is a pseudo limit of the pseudo functor F : J → C.
Theorem 13.9. The 2-category of pseudo (Θ, T )-algebras over Ik admits pseudo
limits.
Proof: This follows immediately from the previous theorem.
Lemma 13.10. The 2-category C of pseudo (Θ, T )-algebras admits cotensor
products.
Proof: Let J ∈ Obj Cat and let F : Ik → Cat be a pseudo (Θ, T )-algebra.
Define a strict 2-functor P : Ik → Cat by Pi := (Fi)J , which is the 1-category
of 1-functors J → Fi. We claim that P has the structure of a pseudo (Θ, T )-
algebra. This structure is obtained by doing the operations pointwise. Let φ :
Θ(w;w1, . . . , wn)→ End(F )(Φ(w); Φ(w1), . . . ,Φ(wn)) denote the maps which make
F into a pseudo (Θ, T )-algebra. Then define
φP : Θ(w;w1, . . . , wn)→ End(P )(Φ(w); Φ(w1), . . . ,Φ(wn))
φP (α)i(η
1, . . . , ηn)(j) := φ(α)i(η
1(j), . . . , ηn(j))
for functors ηℓ : J → XΦ(wℓ)◦dm(i) with 1 ≤ ℓ ≤ n. Coherence isos can also
be defined in this manner. Then the coherence diagrams commute because they
commute pointwise. Hence P is a pseudo (Θ, T )-algebra.
A proof similar to the proof of Lemma 8.11 shows that P is the cotensor product
of J and F . We must apply the argument for F in Lemma 8.11 to each Fi for
i ∈ Obj Ik.
Theorem 13.11. The 2-category C of pseudo (Θ, T )-algebras admits weighted
pseudo limits.
Proof: By Theorem 13.9 it admits pseudo limits, and hence it admits pseudo
equalizers. The 2-category C obviously admits products. By Lemma 13.10 it admits
cotensor products. Hence by Theorem 3.22 it admits weighted pseudo limits.
Theorem 13.12. The 2-category C of pseudo (Θ, T )-algebras admits weighted
bilimits.
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Proof: The 2-category C admits weighted pseudo limits, so it also admits
weighted bilimits.
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gluing, viii, 1, 5, 6, 156, 158
graph, 21
directed graph, 21
Grothendieck cover, 1, 6, 137, 138, 140,
142, 145, 158, 159
Grothendieck site, 1, 137
Grothendieck topology, viii, 137, 142, 145,
146, 158
group, 39, 51
theory of groups, 39, 51
group homomorphism, 51
groupoid, 9, 29, 37–39, 56–59, 61, 66, 68
Hilbert space, 6
Hilbert tensor product, 6
holomorphic, 1, 6, 137, 156, 158
holomorphic families of rigged surfaces, 1,
137, 158
homomorphism of bicategories, 81
homotopy, 9
horizontal composition, 10, 13
inbound, 5, 156, 158
index, 14
indexed, 1, 3, 6, 61, 155, 156
indexing, 1
indexing category, 18, 21
indices, 6
initial object, 15, 45
iso, 2, 82
isomorphism, 84
pseudo isomorphism, 84, 110
pseudo natural pseudo isomorphism, 111
label, 5, 6, 156, 158
Lawvere, viii
Lawvere theory, 1, 6, 39, 56
enriched Lawvere theory, 56
lax, 2, 5, 10, 14, 147, 158, see also algebra,
colimit, functor, limit
LCMC, 6
left exact, 15
limit, 1, 14, see also bilimit
indexed pseudo limit, 3, 19
lax limit, 2, 14
pseudo limit, viii, 2, 3, 14, 31, 37, 73,
159, 161
example of pseudo limit, 15
weighted pseudo limit, viii, 2, 3, 19, 37,
71, 73, 80, 159, 161
line bundle, 6
manifold, viii, 1, 156
complex manifold, 6, 158, 159
many sorted theory, 54
modification, 13
modular functor, 6
one dimensional modular functor, 6
module
pseudo module, 6
monad, 39, 52, 56
finitary monad, 39
free finitary monad, 39
Moonshine, 5
morphism, viii, 3
lax morphism, 2
morphism of T -algebras, 51
morphism of descent objects, 141
morphism of pseudo (Θ, T )-algebras, 155
morphism of pseudo T -algebras, 64, 121
morphism of rigged surfaces, 156
morphism of theories, 2, 47, 49, 50, 56
morphism of theories enriched in
groupoids, 58
morphism of theories on a set of objects,
56
pseudo morphism of pseudo T -algebras,
64
pseudo morphism of theories, 63
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natural transformation, 3
pseudo natural transformation, 3, 10, 11
object, 21
object with descent data, 141
operations and relations of 2-theories, 155
operations and relations of theories, 155
operations of 2-theories, 149, 150
operations of theories, 45, 61
orientation, 1, 156
outbound, 5, 156, 156, 158
parametrization, 1, 156, 158
path category, 21
path integral, 5
product, 40, see also 2-product, bitensor
product, cotensor product, tensor
product
pseudo, 5, see also algebra, colimit,
commutative monoid, commutative
monoid with cancellation, cone,
equalizer, equivalence, functor,
isomorphism, limit, module, natural
transformation
pullback, 137, 138, see also 2-pullback
quantum field theory, 5
quasiadjoint, 113
quasiadjunction, 3, 81
transcendental quasiadjunction, 81
quasicolimit, 3
quasilimit, 3
quotient category, 21
relation, 64
relations of 2-theories, 151
relations of theories, 45, 61
rigged surface, viii, 1, 3, 5–7, 137, 147,
156–159
holomorphic families of rigged surfaces,
1, 137, 158
ring, 113, see also commutative semi-ring
theory of rings, 113
section, 6
Segal, Graeme, viii, 1, 5
semi-ring, 6, see also commutative
semi-ring
sheaf, 6, 137
SLCMC, 5, 6, 158
central extension of SLCMC’s, 6
examples of SLCMC’s, 6
morphism of SLCMC’s, 6
soft adjunction, 81
source, 21
SPCMC, 158
stability axiom, 137
stack, viii, 1–3, 5–7, 14, 137, 138, 140, 142,
145, 156, 159
Giraud stack, 142
stack of categories, 140
stack of covering spaces, 7
stack of lax commutative monoids with
cancellation, 5, 158, see also SLCMC
stack of pseudo algebras, 158
state space, 6
string theory, 5
substituted word, 40
substitution, 41, 54, 56, 147, 148
substitution maps, 40
substitution morphism, 64
symmetric monoidal category, 1, 65
target, 21
tensor product, 6, 19, 28, 65
terminal object, 10, 14, 22, 39, 40, 45, 54,
73, 147, 159
theory, viii, 1, 2, 39, 40, 41, 45, 47, 51, 54,
56, 146, 147
2-theory fibered over a theory, see
2-theory
endomorphism 2-theory, 147–154
endomorphism theory, 40, 41, 54
endomorphism theory enriched in
groupoids, 57
enriched theory, 56
free theory, 39, 56, 59, 66, 113, 129, 130,
133
many sorted theory, 39, 54
theory enriched in categories, 71
theory enriched in groupoids, 56–58, 59,
61, 66, 68
theory indexed over a theory, 1
theory of abelian groups, 113
theory of commutative monoids, 1, 65,
126, 127, 156, 158
theory of commutative semi-rings, 65
theory of groups, 39, 51
theory of rings, 113
theory of theories, 56, 64, 66, 68, 151
theory on a set of objects, 54, 56
trivial theory, 126, 127
topological space, 9
trace class, 6
trace map, 6
transcendental quasiadjunction, 81
transitive, 157
transitivity axiom, 137
trivial cancellation, 158
trivial theory, 126
tuple, 40
unit, viii, 5, 19, 20, 42, 56, 147, 148, 150,
153, 156, 157
unit axiom, 11, 12
universal arrow, 81
vector space, 6, 65
INDEX 171
vertical composition, 9, 13
vertical identity, 9
weight, 14
weighted, viii, 2, 3, 9, 14, 19, 20, 21, 28,
29, 31, 37, 38, 71, 73, 80, 129, 136,
159, 161, see also bicolimit, bilimit,
colimit, limit
word, 39
generating words, 157
substituted word, 40, 148
Yoneda’s Lemma for bicategories, 81
